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Abstract

This paper studies how a borrower issues long- and short-term debt in response to shocks to the
fundamental value. Short-term debt protects creditors from future dilution and incentivizes the
borrower to reduce leverage after small negative shocks. Long-term debt postpones default and
allows the borrower time to recover after large negative shocks. When borrowers are in distress,
they rely on short-term debt; however, they issue both types of debt during more normal periods.

Our model generates novel implications for the dynamic adjustment of debt maturities.
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1 Introduction

The optimal management of debt obligations is a central problem faced by indebted entities,
including households, firms, and sovereign governments. In practice, debt can differ in several
aspects; an important one is its maturity. Borrowing can be short, as in the case of trade credit,
or long, as in the case of 30-year corporate bonds. How do borrowers choose the maturity profile
of their outstanding debt? How do they adjust the mix between long- and short-term borrowing
following shocks to their fundamental value?

Traditional capital structure models in dynamic corporate finance — which build upon Fischer
et al. (1989) and Leland (1994) — typically assume that (1) all debt has the same (expected) maturity
and (2) the borrower either commits to the total leverage or may only increase leverage after retiring
all existing debt and paying some exogenous issuance cost.! Although these assumptions simplify
the analysis, they are inconsistent with the ample empirical evidence that borrowers often issue a
mix of long- and short-term debt simultaneously and that adjusting the outstanding debt’s maturity
profile can take some time to accomplish.

This paper introduces a simple and tractable framework to address these questions. Our model
features two types of debt: short- and long-term. The central tension arises from the trade-off
between commitment and the option value to postpone default. Without a commitment to future
issuance, a borrower would have incentives to dilute existing long-term debt. In contrast, short-term
debt cannot be diluted as it matures before the borrower can borrow again, providing a commitment
mechanism. Meanwhile, long-term debt offers the option to postpone default: following a large
negative shock, long-term debt shares the losses to the firm’s value with equity holders, potentially
avoiding immediate default. Even though the borrower is risk-neutral, the costs associated with
bankruptcy imply that the option to delay bankruptcy can be advantageous, creating a demand for
long-term debt. The optimal composition of long-term and short-term debt balances the dilution

costs of long-term debt and the option value it provides.

!Notable exceptions include He and Milbradt (2016) and DeMarzo and He (2021), which we discuss later.



More specifically, a risk-neutral borrower has assets that generate an income flow that follows a
geometric Brownian motion (GBM) whose drift switches between two different regimes representing
the upturn and downturn. The expected growth rate of the income is high in an upturn but low in
a downturn. A transition from the upturn to the downturn is a large negative shock, interpreted
as the downside risk. Creditors are competitive, risk-neutral, and more patient than the borrower.
The difference in patience motivates the borrower to issue debt. Two types of debt are available.
The short-term debt matures instantaneously (i.e., has zero maturity). Long-term debt matures
exponentially with a constant amortization rate. The key innovation of our model is to allow the
borrower to have full flexibility in issuing both types of debt at any time to adjust the maturity
profile of the outstanding debt.

Our paper shares with the existing literature (Fama and Miller, 1972; Black and Scholes, 1973;
Admati et al., 2018) that an uncommitted borrower with outstanding long-term debt is always
tempted to issue more debt to dilute long-term creditors. In equilibrium, creditors anticipate
future dilution and long-term debt prices adjust downwards to the level where the borrower cannot
capture any benefit (DeMarzo and He, 2021). By contrast, short-term debt matures before the
borrower can issue debt again and, therefore, does not suffer from dilution. Following small negative
shocks, short-term debt incentivizes the borrower to reduce the leverage, even though she has not
committed to doing so. This happens because short-term debt constantly resets, so the borrower
reaps all the benefits from delevering, whereas in the case of long-term debt, the delevering benefits
are shared with existing long-term creditors.

Given short-term debt’s advantage in addressing the commitment problem, the borrower nat-
urally benefits from issuing it. Indeed, our results show that during downturns, the borrower can
costlessly commit to not issuing long-term debt by issuing a large amount of short-term debt, fully
exhausting the borrowing capacity. However, during upturns, this commitment via short-term debt
comes at a cost. The potential arrival of a future downturn introduces an interesting trade-off in
issuing short-term debt. On one hand, the borrower can issue enough short-term debt to exhaust

the borrowing capacity, fully capturing the benefits of debt issuance. But this makes the short-term



debt risky, leading to immediate default if a downturn occurs before the debt matures. Alterna-
tively, the borrower can issue a safe level of short-term debt, preserving some borrowing capacity to
avoid default even if the state switches to a downturn. However, this safe level means the borrower
can no longer fully capture the benefits of debt issuance. Our model shows that when a borrower
has a substantial amount of outstanding long-term debt, she opts for the risky level of short-term
debt. In contrast, if the outstanding long-term debt is low, she chooses the safe level of short-term
debt. The rationale is that the incremental increase in default probability represents the marginal
cost of issuing short-term debt. When there is a high level of outstanding long-term debt, this
marginal cost is low, and vice versa.

The issuance of long-term debt during upturns is directly related to the choice of short-term
debt level. When the borrower optimally issues the risky (and higher) level of short-term debt,
there is no additional value from borrowing long-term. In these cases, the firm relies entirely on
short-term financing. This is because any long-term debt issued is exposed to the same downside
risk as the short-term debt and therefore there is no option value to postpone default. Conversely,
when the borrower optimally issues the safe (and lower) level of short-term debt, there is additional
value from borrowing long-term. This occurs because compared to short-term debt, long-term
debt gives equity holders stronger incentives to inject cash into the firm by providing the option
to postpone default. This feature is particularly valuable when short-term debt does not cause
immediate default upon a state switch, as a small amount of additional long-term debt would
not trigger default during regime changes, while the same increment in short-term debt would.
Notably, the borrower values this option from long-term debt despite being risk-neutral, because
the costs associated with bankruptcy, as acknowledged in previous literature (Smith and Stulz,
1985).2  Finally, without the commitment to not dilute creditors, the value of long-term debt

gets dissipated, but nevertheless, the firm may still issue long-term debt due to a Coasian logic:

2The literature on risk management highlights that due to the cost of bankruptcy, even a risk-neutral borrower
can benefit from risk management, (Smith and Stulz, 1985; Bolton et al., 2011; Froot et al., 1993; Rampini and
Viswanathan, 2010; Panageas, 2010). To our knowledge, no previous work has established the link between maturity
management and risk management in a corporate finance setting.



creditors, anticipating future issuance, price debt to reflect dilution, offsetting borrowing benefits
and leaving equity holders indifferent.

Our model generates several empirically testable predictions. First, we predict equity holders’
willingness to inject capital varies with debt structure and shock types: after small, frequent nega-
tive shocks, they generally provide capital unless the long-term debt-to-cash-flow ratio is very high,
while after large negative shocks, the willingness for recapitalization increases with the proportion
of long-term debt. Second, we predict countercyclical market leverage and procyclical debt matu-
rity, consistent with findings by Halling et al. (2016) and Chen et al. (2021). Third, firms with
greater exposure to large negative systematic risks should maintain higher proportions of long-term
debt, supported by evidence that firms with longer debt maturities have countercyclical risk expo-
sure (Chaderina et al., 2022) and higher-beta firms tend to have longer debt maturity (Chen et al.,
2021). Fourth, firms with higher proportions of long-term debt are more resilient to large negative
shocks, consistent with Almeida et al. (2011)’s findings from the 2007 crisis. Finally, our model
predicts firms in countries with weak creditor protections will rely more heavily on short-term debt

financing, consistent with Aghaee et al. (2024).

Related literature

Our paper builds on the literature of dynamic corporate finance in the tradition of Leland
(1994). Most of this literature either fixes book leverage (Leland, 1998) or allows for adjustment
with some issuance costs (Goldstein et al., 2001; Dangl and Zechner, 2020; Benzoni et al., 2019).
Important exceptions are DeMarzo and He (2021) and Abel (2018). Whereas the former studies
leverage dynamics when the borrower has full flexibility in issuing exponentially-maturing debt,
the latter addresses the related problem when the borrower can only issue zero-maturity debt
(see also Bolton et al. (2021), who further model costly equity issuance). In these papers, the
borrower can only issue one type of debt, so the tradeoff between borrowing long and short is
not explicitly studied. He and Milbradt (2016) also study the problem of dynamic debt maturity

management, where the total leverage is fixed, and the borrower can choose between two types of



exponentially maturing debt. Another related paper is Chen et al. (2021), which examines debt
maturity management across business cycles. Their model, which builds on Goldstein et al. (2001),
assumes that all outstanding debt must be recalled before any adjustments to its level or maturity
can be made. Additionally, they assume that all debt matures simultaneously.

The insight that long-term debt can be diluted has been recognized by Fama and Miller (1972),
Black and Scholes (1973), and formalized by Admati et al. (2018). Brunnermeier and Oehmke
(2013) show equity and short-term debt can dilute long-term debt’s recovery value in bankruptcy.
Our paper focuses on dilution outside the bankruptcy, which comes from the borrower’s lack of
commitment to issuance. As DeMarzo (2019) shows, the borrower’s problem when she only issues
long-term debt is related to the Coase conjecture on the durable-goods monopoly (Coase, 1972).
In our context, the borrower is the monopolist, and long-term debt is the durable goods. Short-
term debt resembles the leasing solution (Bulow, 1982) to the durable-goods monopoly problem.
Whereas we emphasize the use of short-term debt to deal with the dilution problem, Malenko and
Tsoy (2020) emphasizes an alternative mechanism based on the role of reputation. Their model,
featuring a single debt type, predicts an interior optimal debt maturity.

More broadly, our paper is related to the literature in corporate finance on debt maturity, start-
ing from Flannery (1986) and Diamond (1991). This literature emphasizes the role of asymmetric
information and the signaling role of short-term debt. The insight that short-term debt resolves
the lack of commitment is also present in another related literature (Calomiris and Kahn, 1991;
Diamond and Rajan, 2001) that emphasizes the runnable feature of short-term debt. Our paper
shows how the repricing feature of short-term debt (independent of run externalities) resolves the
commitment issue in the context of dynamic capital structure.?

The benefit of long-term debt is related to the literature on fiscal policy and sovereign debt
that considers the hedging benefit of long-term debt. For example, Angeletos (2002) shows that
the ex-post variations in the market value of public debt hedge the government against bad fiscal

conditions. Aguiar et al. (2019) show that without hedging motives, commitment issues would

3 Also see Hu and Varas (2021) on this feature of short-term debt in the context of financial intermediaries.



lead to a borrower only issuing short-term debt. Through a simple example, they demonstrate
that hedging could incentivize long-term debt issuance.* Arellano and Ramanarayanan (2012)
calibrate a quantitative model of sovereign borrowing with two debt maturities. Our paper differs
by providing a tractable continuous-time model with closed-form solutions that reveals maturity

choice dynamics.

2 The Model

2.1 Agents and the Asset

Time is continuous and goes to infinity: ¢ € [0,00). We study a borrower, often interpreted as
a firm. The relevant parties include the borrower as an equity holder and competitive creditors.
Throughout the paper, we assume all agents are risk-neutral, deep-pocketed, and protected by
limited liability. Moreover, the borrower discounts the future at a rate p, which exceeds r, the
discount rate of creditors.

The borrower’s asset generates earnings at a rate X;, which evolves according to:

dX,
fj = /_,Lgtdt =+ O'dBt — :H.{gt:L}th (1)

where B is a standard Brownian motion, N; is a Poisson process with arrival rate ), and 6, € {H, L}
represents the regime with 0y = H. At a random time 7y, which arrives with intensity A, the regime
switches to L and stays unchanged.” The drift pg, differs across the two regimes with uy < up,
so that the high state H is associated with a higher expected growth rate in the borrower’s cash
flow. Below, we refer to the high state as the upturn, the low state as the downturn, and the regime

switch as the downside risk.

4Niepelt (2014) studies a related question, but default decisions on different maturities can be independent. Bigio
et al. (2021) study debt maturity management under liquidity costs but without dilution. In their model, the
borrower’s choice depends on the bond demand curve, which is micro-founded via search (Duffie et al., 2005).

°In Internet Appendix B.4, we study the model in which state L is non-absorbing and show that our main results
CAITY OVer.



In addition, in the downturn, the firm is exposed to a disaster shock upon which the cash flow
X; permanently drops to zero. This disaster arrives at a random time 7, that is exponentially
distributed with mean arrival rate 1. The disaster shock plays a role when we consider the
incentives of an initially unlevered borrower to issue long-term debt (see subsection 4.3 for a detailed

discussion).

2.2 Debt Maturity Structure

The difference between the discount rates p — r offers benefits for the borrower to issue debt.”
Throughout the paper, we allow the borrower to issue two types of debt, short and long, to adjust
the outstanding debt maturity structure. In particular, we do not restrict the borrower to commit
to a particular issuance path but instead let the issuance decisions be made at each instant.

All short-term debt matures instantaneously. This implies that the borrower does not have the
chance to issue new debt before the existing short-term debt matures. We model short-term debt
as one with zero maturity. Let D;_ = limg; o D;—q; be the amount of short-term debt outstanding
(and due) at time ¢ and let y;— be the associated short rate. Long-term debt matures in a staggered
manner. We follow the literature and model long-term debt as exponentially maturing bonds with
coupon rate r and a constant amortization rate £ > 0. Therefore, 1/£ can be interpreted as the
expected maturity. Let F; be the aggregate face value of long-term debt outstanding at time t.

The borrower may default, in which case the bankruptcy is triggered. To isolate issues related
to debt seniority and direct dilution in bankruptcy, we assume the bankruptcy cost is 100%. In

other words, creditors cannot recover any value once the borrower defaults.

51f we consider a borrower that starts with an exogenous amount of outstanding long-term debt, then the results
are unchanged if we assume that 7 = 0.

"The difference can be related to liquidity differences, contracting costs, or market segmentation. An alternative
setup is to introduce tax shields, and the results are similar.



2.3 Valuation

Let 7, be the endogenous time the borrower chooses to default. We define p; as the price per

unit of the face value. The break-even condition implies that for ¢t < 7,

TeNTp
pe=E [/ e " rds e eI ] (2)
t

where 7¢ is long-term debt’s (stochastic) maturing date. The two components in the expression
correspond to the coupon and final payments. The short rate y;— depends on the borrower’s

equilibrium default decisions, and the break-even condition suggests:

Pry_ <t t—dt
yoo = v+ lim Lot (2 S dt'“’ >todi) (3)

dtlo

where the second term on the right-hand side is the credit spread compensating creditors for the
hazard rate of default. According to (3), y;— compensates the creditors for the probability of default
occurring between ¢t — dt and ¢. For example, if in the upturn, short-term creditors expect default
only upon a transition to the downturn, then y;,— = r+ A. Similarly, if in the downturn, short-term
debt only defaults when the disaster shock hits, then y,— = r +n.

Over a short time interval [t, ¢ + dt), the net cash flow to the borrower is

Xy — (r+ &) Fy —yi— Dy |dt + pidGy + d Dy, (4)

where (r 4 &) F; is the interest and principal payments to long-term creditors, y;— D;_ the interest
payments to short-term creditors. The remaining two terms, p,dG; and dD; are the proceeds from
issuing long- and short-term debt.?

Define V; as the continuation value of the borrower, which we sometimes refer to as the equity
value at time ¢. The borrower chooses the endogenous time of default as well as the issuance of two

types of debt to maximize the equity value, taking the price of long-term debt and the short-rate

80ne can think of dD; as the net issuance of short-term debt. Specifically, dDy = D; — Dy _ if there is a jump at .

10



function as given. Once again, let us emphasize that all these decisions, default and issuance, are

made without commitment.

Tb
Vi = sup E, [/ e P(s=t) {[Xs = (r+ &) Fs —ys—Ds_]ds + psdGs + dDs} |. (5)
75,{Gs,Ds:5>t} t

To guarantee the valuations are finite, we follow the literature and make the following assumption.

Assumption 1. r+A> ug, r+n> pr.

2.4 Smooth Equilibrium

We focus on the Markov perfect equilibrium (MPE) in which the payoff-relevant state vari-
ables include the exogenous state 0, the cash-flow level Xy, and the amount of outstanding debt
{D;_, F;}. The equilibrium requires the following. First, creditors break even; that is, p; follows
equation (2) and y;— follows equation (3). Second, the borrower chooses optimal default and is-
suance (i.e., equation (5)), subject to the limited liability constraint V; > 0. Finally, an MPE is
smooth if no jump occurs in long-term debt issuance, in which case we write dG; = g:Fidt. In a

smooth equilibrium, the aggregate face value of long-term debt evolves according to

Let us define J; as the joint (maximized) continuation value of the borrower and short-term
creditors if default does not occur at time ¢. The following result motivates us to work with J; for

the remainder of this paper.

Proposition 1. The equity value is Vp,(X¢, Fy, Di—) = max {Jp, (X¢, F;) — Di—, 0}, where the joint

11



continuation value Jy is given by the value function Jy,(Xy, F}) of the following problem:

Jug (X, Fy) = sup E;

Tb 1
D / 6_(”“)(54){‘(5 = (r+ & Fs + psgs ks
Thy,9s,Vs

t

4 (p+ A — ys_)Dy_ + Amax {J1(Xs, F}) —DS,,O}}ds (7)

JL(Xt,Ft): sup ]Et
Tb7gS’DS

Tb
/ e AN, — (4 F, + pagaFs+ (07— ysws}ds] ,
t

where the maximization is subject to the limited liability constraint Ds_ < Jp,_ (X, Fy).

The terms in (7) are related to those in (5). Here, (p + A — ys)Ds— reflects the gains from
issuing short-term debt. The last term in (7) stands for the event of regime-shifting, upon which the
borrower would rather default and renege on the payments if the amount of outstanding short-term
debt exceeds the maximum joint value without an immediate default; that is if Ds_ > Jp (X5, Fs).
The terms in J7(X, F') can be interpreted similarly.

Proposition 1 generates an interesting economic insight: even though the borrower makes de-
cisions on debt issuance, these decisions are made to maximize the joint value of the borrower
and short-term debt. This is because any issuance decisions will be immediately reflected in the
credit risk faced by short-term creditors, affecting the price of short-term debt and the proceeds
from issuing it. Note that the payoff to existing long-term creditors is ignored in the maximiza-
tion problem because their debts have been issued in the past, and the borrower ignores how new
debt issuance affects their valuation.” This result relates to Aguiar et al. (2019) in the context of
sovereign debt, where the equilibrium issuance decisions can be characterized by the solution to
a planner’s problem that ignores the payoff to existing long-term creditors. Meanwhile, the max
operator in (7) shows that the borrower and short-term creditors still have conflicts on whether to
default immediately.

Proposition 1 implies that the state variable D;_ only enters the problem by affecting whether

9The payoff to new long-term creditors is at dt order in the smooth equilibrium.
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the borrower defaults immediately at time ¢. Following this result, we can suppress the problem’s
dependence on D;_ and treat it as a decision variable. A smooth MPE is characterized by func-
tions Jy (X, F), po (X, F), yo (X, F, D), Dy (X, F), and gy (X, F). By exploiting the homogeneity
of the problem, we can further reduce the problem’s dimension and write Jy (X, F) = Xjp (f),
Dy (X,F) = Xdy (f), where f = F/X. The functions gy, pp, and yy are homogeneous of degree
zero, so we can write them as gg(f), po(f), and yp(f,d). For simplicity, we refer to Jy(X, F') and

Jo(f) as the unscaled and scaled value function for the rest of this paper.

2.5 Model Discussion

Risk Structure. The model incorporates three sources of risk: a Brownian motion capturing
small, frequent fluctuations in daily operating cash flows, a binary state system with upturn (H)
and downturn (L) states representing large, infrequent shocks, and a disaster shock that captures
very large and negative shocks that lead to immediate business closure. The regime-shift risk from
upturn to downturn represents a downside risk, interpretable as industry or macroeconomic shocks.
Whereas this risk creates a role for long-term debt, there are other specifications that yield similar
results. For example, we obtain similar qualitative results if the cash flow process follows a jump-
diffusion process with negative jumps, a case that we consider in one of the extensions in subsection
5.3. Under some conditions on parameters, the equilibrium in the model with disaster risk in the
low state is similar to the equilibrium in a model without disaster risk but with more than two
regimes.!”

Debt Structure. The model’s debt structure is motivated by discrete-time microfoundations.
There, short-term debt would last for one period and need to be repaid before the borrower issues
again. In the continuous-time setup, this feature is captured by zero-maturity debt. In the discrete-
time setup, long-term debt would last for multiple periods, and the flexibility in issuing it each
period would lead to a staggered structure. This feature is well captured by exponentially maturing

debt in the continuous-time setup.

10Gee Internet Appendix B.5 for details.
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We would like to acknowledge that it is an unrealistic assumption — in reality, no debt has zero
maturity, and no debt of positive maturity can be frictionlessly diluted. These assumptions are
meant to capture a general idea that shorter-term debt is more difficult to dilute than longer-term
debt because shorter-term debt comes due earlier.!! In our model, this difference takes a stark
form (no dilution at all for short-term debt, easy dilution for debt of any finite maturity). This is
a feature of a continuous-time setup, and it comes with the advantage of analytic solutions.

Zero recovery in default. The assumption that creditors do not recover any value once the
borrower defaults is made for simplicity and does not affect our mechanism. It implies that debt
seniority becomes irrelevant, ruling out the theoretical channel highlighted in Brunnermeier and
Oehmke (2013) whereby the equity holder dilutes existing creditors’ recovery value in bankruptcy
through issuing new debt. In subsection 5.2, we assume instead that the borrower can restructure

her debt after defaulting, in which case creditors still recover some positive value.

3 Equilibrium with One-Time Long-Term Debt Issuance

Before proceeding to solve the model, we study a simpler case in which the borrower can always
issue short-term debt but only has one chance to issue long-term debt at t = 0.'2 This exercise
serves two purposes. First, it illustrates some of the trade-offs involved in the choice of long-term
debt abstracting from the problem of debt dilution. Second, the value functions in this exercise

turn out identical to the ones in which the borrower has full flexibility in issuing both types of debt.

"For instance, in a model in which the search for creditors takes some time, we suspect that dilution will be finite
and increasing in maturity.

1276 highlight the benefits and costs of short-term debt, we study the model in which the borrower is only allowed
to issue short-term debt in Internet Appendix A.1.
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3.1 Short-Term Debt and Value Function After ¢t =0

We solve this problem backward. Let Fy be the level of long-term debt issued at t = 0. Without

any new issuance, the outstanding long-term debt evolves according to
dFt = —gFtdt

We will work with the scaled value function after t = 0, denoted as jg( f), where the superscript
0 highlights that we are imposing no further long-term debt issuance, i.e., go(f) = 0, after t =
0. By considering the change in the value function in Proposition 1 over a small interval and
substituting J§ (X, F) = Xjg (f), we get the following Hamilton-Jacobi-Bellman (HJB) equation

in the continuation region:

(p+n—pL)jl(f)= max 1—(r+&) f+(p+n—yp)dl— (ot O 157 () 422279 (F) (8)
d9 €[0,59 (f)] 2

Short-term debt only defaults upon the disaster shock, so y% =r +mn. Given p > r, results on
the short-term debt are straightforward: the borrower can exhaust her borrowing capacity by fully
levering up so d? = j9(f). In this case, the borrower effectively “sells” the entire firm to creditors
whose discount rate is r.

With outstanding long-term debt, the borrower endogenously defaults when the fundamental
X; deteriorates sufficiently compared to the outstanding long-term debt F}, or equivalently the
ratio of long-term debt to earnings f; hits an endogenous boundary ff, where fg satisfies the value
matching condition ;9 (f?) = 0 and the smooth pasting condition jg( 2y =o.

Following a similar analysis, we arrive at the HJB for the scaled value function j%(f) in the

15



continuation region:

(p+ A= pm)iy(f) =  max 1—(r+&) f+ (p+X—ypy)dy + Amax {j1(f) — dy, 0}
d%,€[0,5% ()]

~ (pr + QLI + 30 P D )

The additional term in (9) relative to (8) represents the state transition from high to low. As
usual, the value function satisfies the value matching and smooth pasting conditions j%( fIb{) =0
and j?{/( f%) = 0 at the default boundary f = f%.

In the upturn, the choice of short-term debt entails a more interesting tradeoff. Default does
not occur if 5% (f) > d%; hence, given the potential of a regime switch, the safe level of short-term
debt cannot exceed 59 (f). Meanwhile, the borrower can issue risky short-term debt up to j%(f).

Therefore, short-term creditors demand a short rate

T if d9 0
W (o) = £ dy €10,57(f)] (10)

r+ A it dYy e (GO, 1% ().

Substituting (10) into (9), we find that short-term debt issuance in the upturn follows a bang-bang
solution between the risky level j%(f) and the safe level j%(f). The former has the benefits of
higher leverage but carries the risk of default and a loss in firm value upon the regime switch from

H to L. Specifically, a choice of j%(f) is optimal when

(p=r)iu(f) = (p+A=1)iL(f) = (p—r)(Gu(f) —42(f) > Mg (f) (11)

benefit from higher leverage additional bankruptcy cost.

Our analysis focuses on parameter values where both risk-free and risky short-term debt can
be optimal, depending on the level of outstanding long-term debt f. This economically more

interesting case arises under the following condition:
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Assumption 2. The intensity of the regime switch from upturn to downturn satisfies:

>\>AE\/(p_QMH>2+(p—T)(uH+77—ML)—(p_QMH>- (12)

Under this condition, there exists a threshold f; > 0. When f < f;, (11) fails, and the borrower
optimally issues risk-free short-term debt j?(f) to avoid the additional bankruptcy cost Aj?(f).
When f > fi, (11) holds, and the benefit of higher leverage outweighs this cost, making risky short-
term debt j%( f) optimal. This threshold policy follows from a single-crossing property proven in

Lemma 2 in the appendix.!?

Proposition 2 (Short-term debt Issuance). When the borrower has outstanding long-term debt

and can only issue short-term debt, the optimal short-term debt issuance is as follows:

e In state § = L, the borrower issues short-term debt d%(f) = jO(f) and pays a short rate

yp (f,d2(f)) =r+n.

e In state @ = H, the borrower issues short-term debt

PR iff<f
%) iff>f

dyy (f) =

and pays a short rate given by (10).

e Under Assumption 2, there exists a unique fr € (0, f2) such that (11) holds (fails) for f > f;
(f <fi)

Ezpressions for the value function jg(f) can be found in Proposition 10 in Internet Appendiz A.S3.

3When A < X, (11) holds for any f > 0 , allowing us to set f; = 0 without loss of generality.
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3.2 Long-term Debt Issuance at t =0

Now, we turn to the problem of initial issuance at ¢ = 0. Let pg( f) be the price of long-term
debt. The borrower chooses the initial amount of short-term debt Dy and long-term debt Fj to
maximize the firm value, which includes equity and the proceeds from debt issuance. Given g = H

and the homogeneity of the borrower’s problem, we can write this problem as

max 3% (fo) + Y (fo) fo. (13)

We have the following result.

Proposition 3 (Equilibrium with short-term debt and one-time long-term debt issuance). Under
Assumption 2, if the borrower can only issue long-term debt once at t = 0, the solution to equation

(13) is strictly positive, i.e., f§ > 0.

Given the flexibility of short-term debt issuance, why issue any long-term debt at t = 07 The
key benefit is the embedded option to postpone default. In the context of American options, the
holder has stronger incentives to wait if the expiration date is far because the option’s exercise
value may increase over time. In our context, if the maturity of long-term debt gets longer, the
borrower is less likely to exercise the default option on long-term debt upon the regime shift from
high to low. This happens because the default option of long-term debt remains active for an
extended period, unlike the option on short-term debt, which expires immediately. Consequently,
with long-term debt, the borrower has reduced incentives to default, as there is a greater possibility
that conditions may improve before the debt matures.

The agency problem associated with exercising the default option can be framed in terms of
the severity of the debt overhang problem. Although our model does not consider investment, debt
overhang can be broadly defined as any firm value-enhancing activities undertaken by equity holders
that are reduced because of leverage. Hence, equity holders’ injections of funds can be interpreted as

a value-enhancing activity because they reduce expected bankruptcy costs. The reduction in equity
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holders’ incentives to inject funds into the firm corresponds to the debt overhang for recapitalization
considered by Admati et al. (2018).

Our analysis reveals that in bad times, when default is more likely, the longer expiration of the
default option has limited value, so there is a modest difference in debt overhang between short-
and long-term debt. However, in good times, when default is unlikely, the longer expiration of the
default option becomes valuable. In this scenario, long-term debt has the potential to generate less
debt overhang, incentivizing the borrower to issue it.

This effect is related to previous results by Gertner and Scharfstein (1991) and Diamond and
He (2014). Diamond and He (2014) identify a potential benefit of long-term debt in reducing
debt-overhang when they assert that “the long-term debt holders — due to less frequent repricing —
share more losses with equity holders when assets-in-place deteriorate” (p. 740). Similarly, in their
discussion about the disadvantage of short-term debt, they note that “not sharing losses in bad
times pushes equity holders to default” (p. 741). This last point resembles an observation made
by Gertner and Scharfstein (1991), who show that short-term debt leads to more ex-post debt
overhang during bankruptcy reorganizations because it has higher market leverage than long-term

debt for the same face value.

4 Equilibrium with Continuous Long-Term Debt Issuance

In this section, we proceed to solve the model in section 2, where the borrower has the flexibility

to issue both long- and short-term debt at all times.

4.1 Long-Term Debt Issuance

Our first result shows that the lack of commitment to future issuance policies fully erodes the
value of long-term debt. In equilibrium, the joint payoff to the borrower and short-term creditors
is identical to that in a scenario where no long-term debt is issued after ¢ = 0. This result is

analogous to Coase (1972) conjecture and has a similar counterpart in DeMarzo and He (2021) (see
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Proposition 2 there).

Proposition 4. Suppose the borrower can flexibly issue long-term debt, and there is no commitment
to future debt issuance. In any smooth equilibrium, the joint valuation of equity and short-term

debt jo(f) equals the one without new issuance of long-term debt. That is, jo(f) = 7o (f).

Proposition 4 implies that the evolution of jg(f) is identical to that of j§(f) described by (8)
and (9), respectively. In equilibrium, long-term debt’s price must satisfy

9Jy(X, F)

= po(f) = —jo(f), (14)

where pg (X, F') captures the marginal proceeds from issuing an additional unit of long-term debt,
and % is the associated drop in the continuation value. If the borrower finds it optimal
to adjust long-term debt smoothly, the marginal proceeds must be fully offset by the drop in
continuation value. Given so, in equilibrium, the borrower is indifferent and gains no marginal
benefit from adjusting long-term debt, so her equilibrium payoff is the same as if she were never to
issue any debt going forward.

Even though the borrower is indifferent between issuing long-term debt and not, this result
does not imply she never borrows long on the equilibrium path. In fact, the equilibrium long-term
debt issuance policy needs to be consistent with the price of long-term debt.'* Let us now derive
the equilibrium issuance policies.

It follows from It6’s lemma that, before the disaster dIN; = 1 in the low state, f; evolves

according to'®

dfy = (90,(f1) — € — g, + 0%) fudt — o f1dB,. (15)

14The reason is analogous to the logic behind mixed strategies: a player needs to be indifferent to her choice
of action, yet equilibrium strategies are uniquely determined to maintain that indifference. In our context, the
equilibrium long-term debt issuance needs to be consistent with the price of long-term debt.

5We omit the disaster shock dN; when 6; = L. Upon the disaster shock dN; = 1, X; gets absorbed at 0, so f:
jumps to co. The borrower then defaults immediately, and the price of the long-term debt jumps to zero.
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In the downturn 6; = L, the price satisfies the following HJB equation:

CrErmp ()= rHE (el =€) LD+ P (16)

coupon and principal

expected change in bond price

To derive the issuance function gz, we plug dr, = j.(f) into (8) (replace j2(f) with jL(f)), differ-
entiate the resulting equation once, add (16) on both sides, and apply equation (14). Turning to

the upturn 0; = H, the price py(f) satisfies the following HJB equation:

(r+ &+ Npu(f) =r+&+ ey on(f) + (9a(F) = € = pu +0%) frlu(f) + %anZp’}{(f). (17)

Compared with (16), (17) includes the additional event of state transition, upon which the price
drops to pr, (f) if f < fi; otherwise, the borrower defaults and the price drops to zero. The

derivation of the issuance policy gg(f) follows the same steps as the one in the low state.

Proposition 5 (Long-term debt issuance). The equilibrium price of long-term debt is pg (f) =

—3jp (f) for 0 € {H,L} and f € [0, f}). The issuance policies are as follows.'®

1. Downturn § = L: Vf € [0, f2), the issuance policy is
gr(f) = 0.

2. Upturn 6 = H: there exists a unique f; € (0, f]l—i) such that

(=) pu(H-pL(f)) 0,
gu(f) = St e "

According to Proposition 5, the borrower does not issue any long-term debt in the low state

1611 the proof of Proposition 4, we show the value function is convex under the smooth issuance policy. This implies
that it is indeed optimal for the firm to issue long-term debt smoothly. In the proof, we also verify that the equity
holders cannot benefit from issuing an atom A.
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and in the high state when f > f;. By contrast, in the high state when f < f;, the borrower issues
long-term debt. The numerator in equation (18) captures the benefit of long-term debt coming
from the incremental borrowing capacity provided by long-term debt, whereas the denominator
captures the cost of issuance due to price impact. We can provide a heuristic derivation of the
equilibrium issuance policy based on a local perturbation approach that illustrates this cost-benefit
analysis.

Let’s consider the upturn state, # = H, and an existing long-term debt level f = fo € [0, f}).
Suppose the borrower deviates for “one period” by issuing an extra amount of long-term debt A
at time t and buying it back at t + dt. The proceeds from additional long-term debt issuance is
pu(fo+ A) - A. Meanwhile, this adjustment reduces the proceeds from issuing riskless short-term
debt by jr(fo) —jr(fo+ A). Note that the difference in patience implies that each dollar proceeds
from total debt issuance results in a flow benefit of p — r. Combining the proceeds from long- and

short-term debt, the total marginal benefit from this adjustment is

(p—=7) |pa(fo+A) A= (jr(fo) —jr(fo+A)| = (p—7)(pu(fo) —prr(fo))-A.  (19)
~pr(fo)A ~—ji (fo)A=pr(fo)A

The crux of the matter is that the proceeds of long-term debt issuance depend on its price in the
high state, whereas the impact on short-term borrowing is determined by long-term debt’s price in

the low state. The cost of this adjustment depends on the price impact of such trade, which is
Cost of one period adjustment ~ —pg (fo + A)A + pr(fo)A = —ply (fo) (A)2.

In equilibrium, the marginal benefit is equal to the marginal cost, so

(p—7)(pu(fo) — pr(fo)) _

(0 =) (prr(fo) = pL(fo)) A = —py (o) (A)* = A = . (fo)

The issuance function in the other cases of Proposition 5 can be derived using similar heuristic
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arguments. When the borrower fully exhausts borrowing capacity, the increment in long-term
debt’s market value is fully offset by the reduction in short-term debt, so no long-term debt is
issued. For example, in the high state, when f > fi, the reduction in short-term debt becomes
Ju(fo) — ju(fo + A), which is approximately pg(fo) - A. In this case, the total marginal benefit
from this adjustment (the counterpart of (19)) becomes zero.

We end this subsection by discussing the result when the regime-switching intensity is low, i.e.,
when A < \. In this case, the borrower optimally chooses to issue no long-term debt at all, both in
the one-time issuance setting (as in section 3) and with flexible issuance opportunities (as in this
section), i.e., go(f) = 0,Vf € [0, f3),0 € {H, L}. This result holds because when the risk of regime
shift is relatively low, the borrower finds it optimal to take the risk and exhaust her borrowing

capacity by fully levering up with short-term debt.

4.2 Long-Term Debt Buyback

An interesting feature in equation (18) is that the optimal issuance of long-term debt could be
negative, implying that the borrower actually buys back long-term debt. This result differs from
the literature on the leverage-ratchet effect, which predicts a borrower without commitment to debt
issuance would never actively buy back the outstanding debt (DeMarzo and He, 2021; Admati et al.,
2018). The reason is as follows. Once f > f;, the borrower will take too much short-term debt,
generating a rollover risk whereby default will occur following a regime shift. For f sufficiently close
to (but still below) f;, the borrower could find it optimal to buy back some long-term debt and
reduce the chances that f rises above f;. Note that equation (18) implies buyback occurs whenever
pr(f) < pr(f), suggesting that long-term debt is riskier in the upturn compared to the downturn.
Intuitively, for f sufficiently close to (but still below) f;, a few negative Brownian shocks could
push f above f;, which leads to an immediate default following a regime switch. By contrast, under
the same f in the low state, a default may only occur after a long sequence of negative Brownian
shocks that push f to ff. Therefore, the default risk can be higher in the high state than in the

low state when f is close to f;.
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Moreover, we provide a sufficient condition under which the borrower never buys back long-term

debt. Our results in Proposition 5 still goes through under this condition.

Corollary 1. The borrower never repurchases its long-term debt if n > .

4.3 Initial Debt Issuance

So far, our analysis has shown that for a given level f > 0, the borrower could issue/repurchase
some long-term debt. However, it remains a question whether an initially unlevered borrower would
issue any long-term debt. The next proposition provides the necessary conditions under which this

would be the case.

Proposition 6. Suppose that A\ > X and n > 0. If

2
,UH+£+%U2+\/(MH+5+%02) +20% (p+ X — pmr) y
2 pu—

g

2
uL+§+%02+\/(uL+§+%02) +202(r+1n—pr) .
2 — Y

g

then there exists an equilibrium in which an initially unlevered borrower will issue long-term debt,

that is lim gy (f)f > 0.
f—0

Without the disaster shock, an unlevered borrower would never issue long-term debt. Intuitively,
if there is no disaster, starting from f = 0, a marginal unit of long-term debt is riskless for the
unlevered borrower in both the upturn and the downturn; that is, pg(0) = pr(0) = 1. According
to (18), there is no long-term debt issuance. The other parametric conditions lead to p';(0) > —oo,
which ensures that the price impact of issuing an additional unit of long-term debt is not too large
to deter the unlevered borrower from issuing it.

Let us conclude this subsection by pointing out that there exists another Markov Perfect Equi-
librium in which the unlevered borrower only issues short-term debt, and the reasons are similar

to the zero-leverage equilibrium in (DeMarzo and He, 2021, p. 35).
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5 Extensions, Robustness, and Empirical Implications

Subsection 5.1 explores an extension that allows the borrower to issue financial instruments
to hedge against the regime shift. In subsection 5.2, we introduce the possibilities of short-term
debt renegotiation. Results show that long-term debt is not issued under either perfect hedging or
frictionless renegotiation. In subsection 5.3, we show that results are similar if there are no regime
shifts but cash flows have downside jumps. In subsection 5.4, we extend the benchmark to allow
the states are transitory and quantify the model. Finally, subsection 5.5 discusses the model’s

empirical relevance.

5.1 Hedging the regime-shift shock

One advantage of having a tractable framework is to allow us to explore alternative risk-sharing
mechanisms. We introduce derivative contracts that provide borrowers with hedging against regime
shifts and show that these derivatives can serve as (partial) substitutes for long-term debt.

Suppose a short-term derivative contract is written on a variable 0, that is correlated with 6;. If
there is a regime switch, then ét switches with probability ¢ € [0, 1] and remains constant otherwise.
The buyers of this derivative pay a spread ¢-dt over the period [t, ¢+ dt), in exchange for a payment
of $1 at time t + dt if there is a change in 6,. No arbitrage implies ¢ = A\q. We have the following

result.

Proposition 7. The firm never issues long-term debt if markets are complete. That is, if ¢ = 1,

then go(f) =0 for all f. If fi > 0, then f; is decreasing in q.

This result shows that long-term debt becomes unnecessary when the borrower can fully insure
against regime switches using derivatives. Moreover, the substitution between derivative contracts
and long-term debt is monotonic: better hedging effectiveness leads to less long-term debt is-

suance. 17

1"While we use the term “hedging,” our mechanism is more akin to insurance as it specifically protects against
downside risk rather than eliminating all value fluctuations.
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5.2 Restructuring of Short-Term Debt

We have established in subsection 3.2 that long-term debt has option value because with the
regime shift, the adjustment in short-term debt is not always possible, and the borrower may default.
Now, we show that if, instead, short-term debt can be frictionlessly restructured to postpone default,
it crowds out reasons to use long-term debt.

To do this, we need to distinguish between default and bankruptcy. When the borrower an-
nounces a default with outstanding short-term debt, restructuring may occur with probability «.
Since the amount of short-term debt is zero when the borrower defaults at fg in either state, re-
structuring is only relevant upon a regime shift from H to L. In the restructuring process, the
equity holder makes the offer with probability S and short-term creditors with probability 1 — 3.
Details of the restructuring game and its extensive form are provided in Online Appendix B.2 and

illustrated in Figure 1.

Proposition 8. The firm never issues long-term debt if the short-term debt can be renegotiated

without friction. That is, if o = 1, then go(f) = 0 for all f. If f; > 0, then f; is decreasing in .

The intuition behind this result is similar to the one with derivative contracts. The benefit of
long-term debt is to delay bankruptcy upon regime shift. However, this no longer needed if the

short-term debt can be restructured.

5.3 Jump Risk

This subsection shows that our mechanism remains robust when large negative shocks are
modeled as downward jumps in cash flows. Specifically, we assume the cash flow follows a jump-

diffusion process

dX; = pX;—dt + 0X;—dB; — (1 —w™t) X;_dN,, (20)
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where jumps are governed by a Poisson process with intensity A, and the size of the jump w is
deterministic. We construct an equilibrium characterized by thresholds f; and fb, and derive the
scaled value function j(f), which satisfies a delay differential equation with value matching and
smooth pasting conditions j(f°) = j/(f*) = 0. The optimal short-term debt policy is given by
a(f) = @ for f € [0, f;) and d(f) = j(f) for f € [f;, f*], where f; is determined by the condition
(p+A— r)j @l _ (p—7)j(f;). Long-term debt issuance occurs only when outstanding debt is low

w

relative to cash flow, and its issuance rule resembles the baseline model, adjusted for the impact of

jumps. Further details are provided in Internet Appendix B.3.

5.4 Transitory Shocks and Model Quantification

In the benchmark model, we have assumed that the low state 6; = L is absorbing. If we interpret
the changes in the regime as business cycles, it is natural to assume that states are transitory. We

can extend the model to consider this situation. Such a model is solved in Internet Appendix B.4.
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Figure 1: Long-term debt issuance policy and price

This figure plots the long-term debt issuance policy when 8 = H and the corresponding long-term debt price as a
function of f, where the parameter values are provided in Table 1. Here f; = 109.34, f& = 113.10, and f2 = 124.64.

We parametrize the model following Chen et al. (2021). Table 1 in the Internet Appendix lists

the value of parameters. In Figure 1, we plot the long-term debt issuance policy when § = H and
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the corresponding long-term debt price. In the upturn, when f is high, py(f) is low according to
the right panel, which implies credit risk is high when the borrower has a significant amount of
long-term debt outstanding (i.e., f is very close to f%) Thus, a positive relationship exists between
credit risk and the maturity of outstanding debt. However, as illustrated by the left panel, close
to the default boundary, newly issued debt is exclusively short-term, so there is a negative relation
between credit risk and the maturity of the newly issued debt. This difference necessitates the need

for a dynamic model, which differentiates between the stock and the flow of debt.
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Figure 2: Sample path of earnings, maturity, and debt issuance

This figure simulates the sample path of one firm and plots the time series of earnings X, maturity, and debt

issuance of both long-term debt and short-term debt, where the parameter values are provided in Table 1.

In Figure 2, we simulate a sample path and plot the time series of the cash-flow rate, debt

maturity, and debt issuance for this parameter values. Here, debt maturity is defined as the

F 1
Fi+Dy &

average maturity of total debt outstanding weighted by their book value: Maturity, =
In the absence of a regime shift, the maturity of debt seems to move in the opposite direction to
cash flows. In other words, the borrower expands the average debt maturity following a negative
Brownian shock to X;. Intuitively, this pattern holds because, after a negative Brownian shock

to Xy, the borrower immediately rolls over less short-term debt, whereas she only reduces long-
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term debt outstanding gradually over time. Meanwhile, when the regime shifts and the downturn
arrives, the borrower exclusively borrows short-term debt and the average maturity goes down.'®
Therefore, our model implies that within a regime, cash flows and debt maturity negatively co-move
with each other. The correlation between the two time series in the left panel in Figure 2 is -0.6.

Across regimes, the higher cash-flow growth regime has a longer average debt maturity (5.7 years)

than the lower-growth regime (5.2 years).

5.5 Empirical Relevance

Our model differs from the sovereign debt literature by focusing on risk-neutral borrowers with
access to equity financing, rather than risk-averse borrowers who borrow to smooth consumption.
This distinction leads to novel predictions about equity holders’ willingness to inject capital un-
der various debt structures and shock types. After small, frequent negative shocks (modeled as
Brownian motion), equity holders are generally willing to inject capital unless the long-term debt-
to-cash-flow ratio is very high. In contrast, the borrower is more willing to recapitalize after large
negative shocks (modeled as regime shifts) when debt maturity gets longer.

Our model implies countercyclical market leverage, consistent with Halling et al. (2016), and
procyclical debt maturity, aligning with Chen et al. (2021)’s aggregate-level findings. At the firm
level, Mian and Santos (2018) show that firms, particularly those with investment-grade ratings,
actively manage maturity to hedge refinancing risk during good times. Our model predicts that
firms more exposed to large and negative systematic risks optimally maintain higher proportions of
long-term debt. This prediction is supported by several empirical studies: Chaderina et al. (2022)
find firms with longer debt maturities have countercyclical systematic risk exposure; Chen et al.
(2021) document that higher-beta firms tend to have longer debt maturity; and Gonzélez (2015)
shows corporate bond maturity is procyclical across 39 countries from 1995 to 2012.

A key testable implication of our model is that firms with higher proportions of long-term

18This result depends on the binary-state setup, where no additional downside risk exists in the low state. With
more than two states, the borrower may still issue long-term debt in the low state. The broader message is the
transition to a worse state, the borrower may only issue short-term debt for a while.
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debt should demonstrate greater resilience to large negative shocks. This prediction aligns with
evidence from Almeida et al. (2011), who study firm outcomes during the 2007 credit crisis. Using
a differences-in-differences matching estimator to control for firm heterogeneity, they find that
firms with large fractions of short-term debt maturing immediately after the crisis experienced
significantly worse outcomes. Specifically, these firms reduced quarterly investment (normalized by
capital) by 2.5% more than similar firms whose debt matured well after the crisis - approximately
one-third of their pre-crisis investment levels. Our model also generates novel predictions about
debt issuance dynamics following large negative shocks. Specifically, we predict that firms will
shift toward shorter-term debt issuance after experiencing significant negative shocks. This pattern
reflects the optimal response to increased uncertainty about future prospects, as shorter-term debt
allows for more flexible adjustment to changing conditions while potentially reducing immediate
financing costs. Gorton et al. (2021); Brunnermeier (2009); Krishnamurthy (2010) documented
that financial firms shortened their debt maturity structure during the 2007-2008 crisis.

Our paper emphasizes that short-term debt serves as a mechanism to mitigate creditor dilution,
particularly when creditor protections are weak. Consequently, we predict that firms operating in
countries with debtor-friendly legal systems or weak contract enforcement will rely more heavily
on short-term debt financing. Aghaece et al. (2024) provide consistent evidence.!®

As argued by Guedes and Opler (1996), empirical research on debt maturity should differentiate
between new debt issuance and existing balance sheet liabilities. While static models treat these
similarly, one merit of constructing a dynamic model is to offer separate and novel predictions.
According to our model, credit risk could be high when the borrower has a significant amount
of long-term debt outstanding (that is, when f; is close to fé’t). However, close to the default
boundary, newly issued debt is exclusively short-term. These patterns are illustrated by Figure 1
and discussed there.

Our model highlights two distinct paths to firm default, each tied to a fundamental area of

9Also see Gopalan et al. (2016), which documents an increase in long-term debt after a reduction in debt enforce-
ment cost in the context of India.
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corporate finance. The first type, primarily driven by long-term debt, occurs gradually as firm
fundamentals deteriorate relative to long-term debt burden and, therefore, is relatively predictable.
The second type, primarily driven by short-term financing, occurs suddenly when firms face large
negative shocks, and, therefore, is less predictable. This difference maps to the capital structure

decisions and working capital management in business finance.?"

6 Final Remarks

Our paper offers a theory of debt maturity. Short-term debt mitigates the lack of commitment
problem and incentivizes the borrower to reduce leverage after small negative shocks. Long-term
debt offers the borrower the option to delay default after large negative shocks.

Covenants are a widely used commitment device in practice: they typically restrict new bor-
rowing by linking it to financial ratios such as the interest coverage ratio. They help mitigate one
key problem with long-term debt—the borrower’s incentive to issue new debt and dilute existing
claims. However, they do little to address the problem that the borrower is reluctant to repurchase
or retire long-term debt after negative shocks. This is especially true for incurrence covenants,
which are common in bond contracts and mainly restrict actions at the time new debt is issued.
In the context of our model, we could consider a covenant that limits additional long-term debt
issuance when the long-term debt to cash flow ratio exceeds a specified threshold. This is similar
to the debt ceiling policy analyzed in DeMarzo et al. (2021). Moreover, covenants often rely on
imperfect measures of firm fundamentals and are difficult to renegotiate, especially in bond mar-
kets. These limitations are further amplified by the rise of “cov-lite” debt, which weakens creditor
protections. As a result, the main trade-off between short- and long-term debt emphasized in our

model remains relevant even when covenants are present.

29For example, Ross et al. (2017) organize business finance around three fundamental questions: capital budgeting,
capital structure, and working capital management. The textbook refers to capital structure decisions as obtaining
long-term financing for investments, while working capital management addresses the firm’s day-to-day financial
activities and short-term financing needs. This classical framework aligns naturally with our model’s distinction
between defaults driven by long-term versus short-term debt.
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Appendix

A  Proofs

Proof of Proposition 1

Proof. We prove the result for Jy, and the one for J;, follows similar steps. Let 6, = H and 7\, >t

be the time that the state switches from H to L. By the principle of dynamic programming,

To AT
Vie = sup ]Et|:/ e_p(s_t)<(Xs - (T+£)Fs + psgsF _yst)d5+st>
Tp:9s:Ds t

+ e P ) |ZN ]]'{Tb >Tx }]

Th
= sup K {/ e~ (PFN(s=1) < (Xs — (T + &) Fs + psgs Fs — ys—Ds—) ds + dDS>
t

Tpygs,Ds

+ 6_pm_t)VTA]l{Tb2n}]
= sup Eq ME = (PN ( (Xs = (r + &) Fs + psgsFs — ys—Ds—) ds + st>
7,95 Ds
+e "™ max {J;, — Dy, -, 0} ﬂ{fb>n}]
= sup Eq [/;b e (P < (Xs = (r + &) Fs + psgsFs — ys—Ds—) ds + dD;
7,95 Ds

+ Amax {Js — Ds_,0} ds)},

where we have used the definition V;, = max{J,, — D, _,0}. Using the integration by parts

formula for semi-martingales (Corollary 2 in Section 2.6 of Protter (2005)), we get

E, [/ ! e(f’H)(st)st] =& [Hpﬂmt)Dn] — Dy + B [ / " e N0 4 D, s
s t

Al



At the time of default, D, = 0. Hence

Vi- = sup K
TbngaDS

Tb
/ e—(p-i-/\)(s—t){Xs — (r+&)Fs + psgs Fs
t

+(p+A—ys—)Ds— + Amax {Jp(Xs, Fs) — Ds—,0} }ds] — Dy

Limited liability requires that V;— > 0, so the amount of short-term borrowing must satisfy the

constraint D;_ < Jy, (Xy, F}). O

Proof of Proposition 2

First, we derive an equation for the scaled value function. Second, we prove the existence and

uniqueness of a solution to the scaled value function and a single-crossing property in 6, = H.

Low state 6, = L. Let gy(f) = 0, we can derive the following equation in the continuation region:

(p+mJP(X,F)=  max X—(r+&F+(p+n—yp) D}
DY e[0,J2 (X,F)]
OJYUX, F) OJUX,F) 1 5 ,0%J%X,F)
- 5FT +“LXT 37 X oox2 (A1)

Note that the choice of short-term debt D% is capped by the level of value function Jg, and the
choice of DY also affects J?. Substituting J§ (X,F) = Xjg (f) in equation (A.1), we get the

following HJB for the scaled value function j9 (f):

(ptn—p) ()= max 1—(r+&) ft+(o+n—o0)d—(ur+E 5% )+ o257 ().
9 €[0,59 (/)] 2

(A.2)

Given that the coefficient in front of d} satisfies p+n —y? = p —r > 0, it is always optimal for

the borrower to issue as much short-term debt as possible, which leads to d% (f) = j(f). The rest

A2



of the problem becomes standard. The borrower defaults if f > f}i, where fjl-j satisfies the value

matching condition ;9 ( ff) = 0 and the smooth pasting condition jg( f}j) =0.

High state 6, = H. We arrive at the HJB in the continuation region:

(p+NJYy (X, F) = max X —(r+& F+(p+A—y}) DY+ Amax {J)(X,F) — D}, 0}
DY €[0,J% (X, F)]

0 0 2 70
OTYXF) | QTGN F) 1, 0% (XF)

1
— HH 0X 2 X2

(A.3)

The scaled value function j%(f) therefore satisfies

(p+ A= pm) jf(f) =  max 1= (r+8&)f+ (p+A—yf)dyy + Amax {52 (f) — dy,0}
dHe[Oij(f)}

— (e + O + 5 P (). (M)

As usual, the value function satisfies the value matching and smooth pasting conditions j%( fIb{) =0
and j?}( fIb{) = 0 at the default boundary f?{. The formulas for the value function jJ(f) can be
found in Proposition 10 in Internet Appendix A.3.

The rest of the proof consists of characterizing the optimal short-term debt policy in the high
state. In the first part, we show the existence and uniqueness of a solution. In the second part,
we prove a single-crossing property and therefore show that it is optimal for the borrower to issue

riskless short-term debt d¥; = j9 (f) if f < f;.

Existence and Uniqueness: For an arbitrary positive function j, we define the following oper-

ator:

®()() =5 | [T (1= (r+ 9+ vl e0) a0 = 1]

>0

subject to  dzy = —(§ + ppg)zdt — oz dBy,

A3



where

(end) = g (A= oy endp) iy + A (1(2) — iy 0) = (o + 0= 1) ). (0 =)
H 5J

and p = p+ A — ug. It follows from the HJB equation that the value function j% is a fixed point
j%(f) = @(j%)(f). Hence, it is enough to show that the operator ® is contraction to get that the
solution is unique. First, we can notice that ® is a monotone operator: For any pair of functions
J1 > Jo, we have v(f,j1) > v(f,jo); thus it follows that ®(j1)(f) > ®(jo)(f). Next, we can verify

that ® satisfies discounting: For a > 0, we have
v(z,j+a) =max{(p+ A —71)j7(2),(p—7) (G + @)} < (p—r)a+v(z7),

so letting 7*(j) denote the optimal stopping policy, we have

- T (+a)
®(j+a)(f)=E /0 J e P (1—(r+8a+v(z,j(z) +a) dt’zo = f]

T*(~' a) X
<E / J+ e (L= (r+&z+v(z,j(=))) dt’Zo _ f]
0

L PR [1 _ e P (+a)

A~

P

zozf}a

™G
<E /0 " ot (1= (r+&z +v(z,5(z))) dt’zo — f]

4+ PR [1 _ e hm (+a)
p

= o(j)(f) + LB |1 - e
P

zozf}a

0= flaz el s L

Thus, the operator ® is monotone and satisfies discounting, it follows then by Blackwell’s sufficiency
conditions that @ is a contraction, which means that there is a unique fixed point j%(f) = ®(%)(f).

The result on short-term debt issuance is established in the following two lemmas, and the

A4



proofs are supplemented in the Internet Appendix.

Lemma 1. The condition

(p+A=7) L (0) > (p—7)j5 (0).
is satisfied if and only if X > M.

Next, the following result shows that it is optimal for the borrower to issue d% = 5% (f) when

[ < fy and d% = 39 (f) otherwise.

Lemma 2 (Single-crossing). There exists a unique f; € (O,fz) such that (p+X—1)3% (f) >

(p = 1) gy (f) if and only if f < ft.

Proof of Proposition 3

Proof. When the borrower can commit to not issuing any long-term debt after t = 0, i.e., g (f) =

gr (f) = 0. The debt price in the low state satisfies the following asset pricing equation

(rrErmpb(D) =4O+ (E—nr+a) ) (D452 (). (A5)

where the default boundary f}’l is determined from Internet Appendix A.3. We guess the solution

of the debt price takes the form
PL(f) =AY+ Ay f A5

Combining with p? (f?) = 0 and chir%p%(f) < 00, we know
ﬁ.

0 Tt r+& ([ -t
W= - (F) (A6)
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Under A > A, the price of long-term debt in the high state satisfies

(r+ &+ N pH(f) = (r + ) + ML (N, ()20 + (=6 — i + %) [l (f) + %agﬂp‘}! (f).

(A7)

where the default boundary fjb{ and the threshold f; are determined from Internet Appendix A.3.

When f € [0, fi], we guess a solution of the form
ph(f) =By + Byt + B 4+ By (A.8)

Plugging into equation (A.7), we can get

o _ (T r+n+E+N),
PN (r+n+ o)

1—
0 _)‘7"-71"-—7’7_5-6 <f£) "

T e A (€A ) (- D -3 - (- 2)

B; =

The condition chiH[l) p%(f) < oo implies that B = 0, which implies BY is the only unknown in
—
equation (A.8).

When f € ( fis f%], we guess a solution of the form

Ph(f) =Y+ 3+ a3, (A.9)

Plugging into equation (A.7), we can get Cy = r—f&rﬁ)\‘ {CY,C9} are the unknowns in equation (A.9).

In the end, we solve the three unknowns {Bg, Cy, C’g} from the following boundary conditions:

pu(fh) =0,
Py (f7) = pir (),

Py (f) = Pl (fi).
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Having determined the price of long-term debt, we can analyze the issuance decision at t = 0. Let
HO (fo) = 3% (fo) + p% (fo) fo denote the value of the firm given long-term debt over cash flows fo.
Under A > X\, HY (fo) = j%’ (fo) + 0% (fo) + p% (fo) fo. From the closed-form solutions of j% (f)

and p% (f), we can get

H (fo) |fym0 = — +¢& n(p—r) > 0. (A.10)

A+ EHEF N (pHE+N)

It implies there exists a f; > 0 such that

0 [/ px -0 * 0 *\ px 0 JIS—I (Xt)
H™ (fo) =ju (f5) +pu (f5) fod > H (0) = X,
Therefore, the borrower optimally issues a positive amount of long-term debt f; at ¢ = 0. O

Proof of Proposition 4

First, we demonstrate that the joint value jg(f) under no commitment is equivalent to the
value j§(f) without long-term debt issuance. Second, we prove jg(f) is strictly convex so that it is
optimal for the borrower to issue long-term debt smoothly.

From the value function (7) and substituting Jy (X, F) = Xjg (f), we get the following HIB
equations for the scaled value function jg (f):

(p+n—pL)je(f) = max 1_<T+5)f"‘(pL(f)+j/L(f)>9Lf+(P+"7_yL)dL

9L, dr€[0,5L(f)]
— e+ OFIL) + 50%1()

(p+ A=) jn() = max A=+ f+ (pa (1) +dulh)) anf + 0+ A= yir) d
g, dr€(0,5u(f))

F Amas (j1(f) — a0} — (urr + EF3 () + 30* 24 (F)
(A.11)

If the borrower finds it optimal to adjust debt smoothly, then it must be the case that this coeflicient

AT



equals zero, or equivalently,

po(f) = —Jg(f)- (A.12)

Given any smooth equilibrium with value function jg(f), (A.11) and (A.12) imply (8) and (9),
and as a result setting the issuance policy to gg = 0 does not change the equity value jy(f). Hence,
the value jg(f) under this equilibrium could be obtained under no long-term debt issuance, which
corresponds to j§(f).

We also need to verify that the equity holders cannot benefit from issuing an atom A, in which
case they get a payoff jo(f + A) + po(f + A)A. The first order condition with respect to A is
Jo(f +A) +po(f +A) +py(f + A)A = py(f + A)A = 0. Which means that either A = 0 or
py(f + A) = 0. The second order condition is py(f + A)A + pj(f + A) < 0, which evaluated
at A = 0 yields pp(f) < 0. It follows from the first and second-order conditions that a smooth
equilibrium requires that pj(f) = —j, (f) < 0.

From the closed-form solution for jz, (f) we immediately obtain that j; (f) > 0. Next, we verify
that jg (f) is also a strictly convex function on [O, fIb{] , so that it is indeed optimal for the borrower

to issue long-term debt smoothly.

Strict convexity of jy (f) on [0, fIb{] . The proof relies on a few auxiliary lemmas, and proofs

for all three are supplemented in the Internet Appendix.

Lemma 3.
tj ;5[ ( Lf? ) > — ]_, \Q/Lf? S [(:) ) Lf?;Zl’] )
Lemma 4.
fb > L and min {j" (0) j/l (fb )} >0
T . zs H 'y JH\JH )
Lemma 5.

m N

gn(f7) > du(fi)
Now we are ready to verify that the solution to the HJB equation is convex. We differentiate

A8



the HJB twice and let & = —fj};, to get

SO~ (€= ) fil — (A= A-n) fif FEWO.f)  (A13)
PP (a0 fil — (r AR E=0  fe(ffl) (AL4)

Applying the maximum principle in Theorem 1 to function @ in the two equations above (note
that j; (f) > 0), we can conclude that @ cannot have an interior nonnegative local maximum in

(0, fr) U (fs, f%). More specifically, when we map equation (A.13) to equation (A.24),

- —o? — A
2 2
and when we map equation (A.14) to equation (A.24),
- _ —(mntE-0*)f _—(r+A+9)
win=alf). ()= =M ==
2 2

Because 4 is differentiable on (0, fi) U (ft, f%), the only remaining possibility of a nonnegative
maximum is that @(f;) > 0. As @(0) and @(f%) are negative, this requires that -jp (fi—) —
fidg(fi=) = @ (fi—) > @ (fi+) = iy (fi+) — figy(fi+). From the HIB equation it follows that
Jm is twice continuously differentiable at fi, so such a kink would require j};( fi ) < j;}( erJr ), which
is ruled out by Lemma 5. We can conclude that @ does not have an interior nonnegative maximum,

so it follows that @(f) = —fj;(f) < 0 on (0, %) from Corollary 2 as @(0) and @(f¥) are negative.

This implies 55 (f) > 0 on [0, f4].

Proof of Proposition 5

Proof. First, we consider the low state. The debt price satisfies the asset pricing equation

(r+&+mpr(f) =+ + (90.(f) — & —pr +0?) fo () + %UQfQP’L’ (f)- (A.15)
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The indifference condition (14) implies that the price of debt is pr(f) = —j7(f). Substituting in

(A.15) we get

(r+&4+mir(f) = = (r+ O+ (9(f) =& = pr+0°) fi7 () + %anQjZ’ (f)- (A.16)

We differentiate the HJB at 8 = L, which leads to

(044 () + (r+8) + (e + €~ %) FUD — 50* 3 (H=0. (A1)

Combining (A.17) and (A.16) we get
gr(f) = 0.

In the high state, the debt price follows
1
(r+ &+ N pu(f) = (r+ O+ an(n<inpy (9 (F) = & = par + 0%) o (£ +50° i (£) -

Under A > )\, we first consider the case when f € (0, f+). The debt price is

(r+&+Npu(f) =0+ +p(f) + (9a(f) — & — pu + 0°) ol (f) + éozﬁp}’{ (f). (A.18)

Differentiating the HJB equation for jz(f) we obtain,

(r+ X +8) ju(f) + (r + &) = NL(f) + (un + &~ 0?) fj}/{(f)—%a2f2j}’{’(f)

= (p=7)Jr(f) = (p =) iu(f). (A.19)

Combining equations (A.18) and (A.19) with the indifference condition (14) — which requires that

pu (f) = —J% (f) — we find that

(p—r) (pu(f) —pL(f))‘

gu(f) = i)

A10



Finally, for f € (ft, f%), the debt price is

(r+&+Npu(f) = (r+&+ (9u(f) = €= pr + %) foly () + %ov?fzpﬁ& (f)- (A.20)

We differentiate the HJB equation (A.4) to obtain,

(r+ A+ Qi)+ (r+8) + (pu +& = 0?) fin(f) - %GQfQﬂ} (f) =0, (A.21)

which combined with equation (A.20) and the optimality condition pg (f) = —j% (f) yields

gu(f) = 0.
O
Proof of Corollary 1
Proof. We differentiate the HJB at 6§ = L, which leads to
(r+0+8)Jn(f) + (r+ &) + (u + €= 0®) FI1(F) — %o%%’ (=0, ¥felof.
When f € [0, fi], we differentiate the H.JB at 6 = H:
(04 A+ ) Ja(F) + (r+€) = (p+ A=) JL(F) + (urt +€ — 0%) F3(F) — 30> £ () = .
The difference is
ST ) = 32 ()] = G + €= %) £ (T(F) = 80) = (o + A+ ) (G5 () = 7F)
= (pm = pr) £37(F) = nip(f) >0 (A.22)

All



since 77 (f) < 0 and j7(f) > 0 from the strict convexity. Applying the maximum principle in
Theorem 1 to equation (A.22), A (f) = jy(f) —j;,(f) can not have a nonnegative maximum in the

region f € (0, fi). More specifically, when we map equation (A.22) to equation (A.24),

(hu+€-0%) f

(p+A+§)
%02f2 ’

w(f) =21, 9() = - () =—T5p
2

When f € (fT, fﬂ, we differentiate the HJB at § = H:

(r 4 A € ia (1) + (4 &) (s +€ = o) FI(T) — 20”4 (F) = 0.

The difference is

SO 5 G () = 32 (1)) = (uat + € = o) £ (1) = 20
—(r+ A+ (G () = Jo(h)) = (o — ) FIL) = (1= NGn() >0 (A29)

where we assume 1 > X, and have shown j; (f) < 0 as well as j7(f) > 0 from the strict convexity.
By the maximum principle, A (f) = ji(f) — 75.(f) can not have a nonnegative maximum in the

region f € ( frs fz) More specifically, when we map equation (A.23) to equation (A.24),

(hg+&—0%) f
%J2f2

—(r+A+9§)
%02f2

uw(f)=D(f), g(f) = — Ch(f) =

Since both j%,(f) and j}(f) are continuous for all f € [0, fg], A (f) is continuous for all
fe [O, fg] It implies that A (f) can not have a nonnegative maximum in the region f € (0, fz)

In addition, given that

o or+E (r+H)Mmtp+A+E - r+ U
Am)_r+n+§ (P+A+O(r+n+€) P e ATE

A (1) = du(i) <o,

A12



we know A (f) < 0 for any f € [0, fg] from Corollary 2.

From py (f) = —ji(f), pu (f) = —ji(f), we know pg (f) > pr(f) for any f € [0, f7].

Furthermore, when f € [O, fg], the firm never repurchases the long-term debt since

(p—r)(pu (f) —pL (f)) _ (p—7)(pu (f) —pL(f))
— Py (f) fig (f)

> 0.

g(f) =

Proof of Proposition 6

Proof. Under A > X and § = H, in the region f < [+, the issuance function is given by

(0 =) G40 = (D)

gu(f)f = 0 ()
As v > 1and ¢ > 1, we have that
. B n
}%]L(f)+1—7r+n+£a
. y y _ i r+¢&
lim (52.(f) = i (1) P ey r—

which are strictly positive if n > 0. Therefore, lims_,o(gu(f)f) is strictly positive as long as

P (0) > —o0, which requires that v > 2 and ¢ > 2.

A13



Internet Appendix for “Debt Maturity Management”

This Internet Appendix contains additional analysis to accompany the manuscript. Section A
provides the remaining proofs for the analysis, including all technical lemmas. Section B provides

the details for Section 5.

A Remaining proofs

Maximum Principle

Our proofs use repeatedly the Maximum Principle for differential equations. Theorem 3 and 4

from Chapter 1 in Protter and Weinberger (1967) are particularly useful, and we state them below.

Theorem 1 (Theorem 3 in Protter and Weinberger (1967)). If u(z) satisfies the differential in-
equality
u” + g(z)u' + h(z)u >0 (A.24)

in an interval (0,b) with h(x) < 0, if g and h are bounded on every closed subinterval, and if u

assumes a nonnegative mazimum value M at an interior point c, then u(x) = M.

Theorem 2 (Theorem 4 in Protter and Weinberger (1967)). Suppose that u is a nonconstant
solution of the differential inequality (A.24) having one-sided derivatives at a and b, that h(z) <0,
and that g and h are bounded on every closed subinterval of (a,b). If u has a nonnegative mazimum
at a and if the function g(x) + (x — a)h(z) is bounded from below at x = a, then u'(a) > 0. Ifu
has a nonnegative mazimum at b and if g(x) — (b — x)h(z) is bounded from above at x = b, then

u'(b) > 0.

Corollary 2. If u satisfies (A.24) in an interval (a,b) with h(z) <0, if u is continuous on [a, b],

and if u(a) <0, u(b) <0, then u(x) <0 in (a,b) unless u = 0.



A.1 Equilibrium with Only Short-Term Debt

In this section, we explore the model where the borrower can only issue short-term debt, which
relates to Abel (2018). Heuristically, short-term debt is repaid after each “dt” so that the borrower
always renews with zero leverage. The dilution problem therefore no longer exists. The choice of
short-term debt follows the standard trade-off theory whereby the equity holder balances cheap
debt against costly bankruptcy. Given there is no long-term debt, we work with the unscaled value
function, denoted as Jj(X;). We also use Dj(X;) and y;(X;) for the value and rates of short-term
debt.

Note that short-term debt is immune to Brownian shocks and may only default after jump
shocks, including regime shifts and disaster shocks. In the low state, default occurs following the
disaster, which does not depend on the leverage level. Therefore, the borrower can exhaust her
borrowing capacity by fully levering up. In this case, the borrower effectively “sells” the entire firm

to creditors whose discount rate is r. The firm value becomes

Xy

— 0t (A.25)
TN R

Ji(Xy) = Ey [/ e—(r+n)(s—t)Xst = Ji(Xy) =
¢

In the high state, the issuance decision involves a more interesting tradeoff. Default does not occur
if J7 > Dy ; hence, given the potential of a regime switch, the safe level of short-term debt cannot
exceed J} (X;). Meanwhile, the borrower can also exhaust her borrowing capacity by issuing short-
term debt J§;(X;), but this becomes risky. The borrower prefers risky short debt J7(X;) if the

benefits from higher leverage exceed the additional bankruptcy cost due to the regime switch, i.e.,

(=) Ui(X) — J3(X) > M), (A.26)
benefit from higher leverage additional bankruptcy cost
Similar to (A.25), the associated high-state firm value when the borrower chooses J§; (X¢) is Hfﬁ
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If the borrower chooses riskless short-term debt J7 (X;), the firm value becomes

b X p+A—r
E e WNENIX 4 (p— ) JF(X) + ME(X,) Hds| = : <1+ )
|/ (Kot lonaien) e Wiy Jas| = e (14 AT

leverage benefits firm value in L

Proposition 1 implies without long-term debt, the borrower chooses short-term debt to maximize

the firm value. We have the following results.

Proposition 9 (Equilibrium with only short-term debt). If only short-term debt is allowed, the

unique equilibrium is the following.
1. In the low state L, the value function and short-term debt issuance are

Xi
Di(Xy) =Ji(X) = ——.

1(Xy) = Jp(Xy) E—
The borrower only defaults upon the disaster shock, so the short rate is y§ (Xy) =+ 1.

2. In the high state H, the value function is

X X —
JIS{(Xt):max{ ¢ , ¢ (1+p+)\ T >}
r+A—pg p+A—pH r+n—pL

o If A< )\ (X is defined in equation (12)), short-term debt is

Xy

DX =y

The borrower defaults upon the regime switch, and the short rate is y3;(X;) =+ A.

o If A >\,
Xy

Dy (X)) = ——

The borrower does not default upon the regime switch, and the short rate is yj;(X;) =r.
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Proof of Proposition 9

Proof. When 0; = H, we arrive at the HJB:

(p+MNJ5 (X) = max X+ (p+ A —vyjy) D + Amax {J;(X) — D§,0}
D3,€[0,73,(X)]
OIH(X) 1, ,0%3(X)
—A = ——2 (A
+ ugX X + 20’ X X2 (A.27)

Given the potential of a regime switch, the borrower can issue risk-free short-term debt up to
J} (X) and risky short-term debt up to Jj; (X). Therefore, short-term creditors demand a short
rate

r it D3, € [0, J3 (X))
vy (X. D) = (4.28)

r+ XA if DY e (JE(X), 5 (X)),

Substituting (A.28) into (A.27), we find that short-term debt issuance in the upturn follows a
bang-bang solution between the risky level J7(X) and the safe level J;(X). The former has the
benefits of higher leverage but carries the risk of default and a loss in firm value upon the regime

switch from H to L. Specifically, a choice of J}; (X) if and only if

(p=r)Jg (X) = (p+A—r)Jp (X). (A.29)

Now we solve the value functions. In the low state, the borrower chooses short-term debt
Dy, = J; and only defaults upon the disaster shock. So the short rate is yj (X) = r + 7, which

implies the value of the firm is
X

O

In the high state, there is a choice between borrowing risky and riskless debt. If she borrows
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risky short-term debt, again, she would like to take 100% leverage, in which case

X

T ) = T

On the other hand, if she borrows riskless debt up to Jj (X), the firm value is

X p+)\—r>
JH(X)= — = (14 LTATTY)
i (X) p+A—uH< r+n—

From here, we get that the value of the firm is

1 1 p+Ar>}
Ji(X) = X max , 1+ -2 ).
i) {T+A—MH p+A—MH< r+n—pr

As in Lemma 1, equation (A.29) is satisfied if and only if A > A, where X is defined in equation
(12).

A.2 Proofs of Auxiliary Lemmas
Proof of Lemma 1

Proof. The proof of Proposition 9 makes it clear that the condition A > A guarantees that

(p+A=7)jL(0) > (p—7) j5r (0).

This inequality is satisfied only if

p+)\—r>p+>\~l—n—uL
p—r p+A—pH
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Combining terms, we can write this as the following quadratic inequality

N+ (p—pa) A= (p—r) (ue — pr +n) > 0.

The left hand side is positive if and only if A is greater than the unique positive root of the quadratic

equation for \

XN+ (p—pm) A= (p—7) (pg — pr+n) = 0.

Proof of Lemma 2

Proof. Define a = 1+ -2-. The goal is to show aj; — jg > 0 for f < f+» and vice versa. Let us

p=r’

introduce two operators: for a function u let,

1
Lo = 50'2,)"2“"— (pr +&) fu' = (p+ X —pm)u

1
Lty = 502,)”2%/’ — (pu +&) fu' — (r+ X = pu)u.
The HJB in state 0 = H can be written as

L +1—(r+ O f+(p+A—1)j2 =0, f€(0,f)

L +1—(r 8 f=0, fe(fi,fl)

Similarly, the HJB in state § = L can be written as

L% 4+ alum — pr) fil +alp+X—(r+n) +pr —pm) il +al—(r+€)f) =0

L%ag? + a(py — pr) f39 —a(pm —pr+n =X)L +a(l - (r+¢) f) =0.

IA5

(A.30)

(A.31)

(A.32)

(A.33)



Let’s define

H(f) = apn — po) f57 —alpm —pe+n =N ig+(a=1) (1= (r+) f),

Then, we can show that

LY (aj) — %) + H(f) =0, f€(0,f) (A.34)

LY (ajf — %) + H(f) =0, f € (f1. fh)- (A.35)

To see why this is the case, notice that when f € (0, f;), combining equation (A.30) and equation

(A.32), we can get

0= L%} + a(un — pr) £ +alp+ A= (r+n) + pr — p) 33+ a (1= (r+ ) f)
= L% (aj} — j§y) =1+ (r + &) f = (p+ A —7) 5 + alpn — pr) f5
talp+A—(r+n)+pL—pm) il +al—(r+&f)
= L% (a5 — 3) + alprr — o) 3 + (@ = 1) (1= (r +€) f)
+alp+A=(r+n)+pur—pu)jl —(p+Xr—7r)3}

= L% (a5 — 3%) + alpmr — o) 3 + (@ = 1) (1= (r +€) f)

—a(pm —pp+n—Nj?
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where the last line comes from

—r+A
a(p+/\—(r+n)+uL—uH)—(p+/\—7“):ppT(p—rJr(A—n)JruL—uH)—(p+/\—7“)
p—r+A
R (A=mn)+pL — pm)

On the other hand, when f € (f;, f%), combining equation (A.31) and equation (A.33), we can

get

0= L% + alpm — pr) 3% —a(pu —pr +n—XN 42 +a(l— (@ +€)f)
=LY (a? = j%) =1+ (r + &) f +alpm — pr)fi —alpr —pr+n-N) 2 +a(l —(r+£) f)

= L% (aj} — i) + alpn — po) 39 — alpm —pe+n =N il +(a—1) (1= (r+&) f)

We show single crossing by applying Theorem 1 to the function aj% — j?{ on equations (A.34) and
(A.35). We will discuss the sign of H(f) in the cases below (at the end of this proof). Before doing

that, when we map equation (A.34) to equation (A.24),

_ 0 _ —(un+9f _ —(p+A—pn)
U(f)=a32—3%7g(f)zgzp7h(f)= WFH,
and when we map equation (A.35) to equation (A.24),
u(f):a'O_O (f):_(/lH'i‘f)f h(f):_(r'i_)‘_NH)
=ajr —JH: 9 = %0_2][2 ’ = %02f2

Now we need to determine the sign of H(f). From Lemma 1 and the hypothesis A > )\, we get

that

(ptA—pu)a—(p+A—n—puL)>0.

IA7



Evaluating H(f) at the two boundaries, we get

1
fﬂo):‘%NMH-—ML+4%—A);17;jEZ+(a—1)

= ————((p+A—pm)a—(p+A-n—pr)) >0,
r+n—puL

H(fP) = (@@= (1= 0 +8 1) <0,

If A>n— (ug — pr)(y — 1), the second derivative of H(f), which is given by

.0

H(f) = [(uar = pe)a=g+ s = pw)a+a =) |
L

(s = 1) (v = D) + A =] (A.36)

is non-negative, so H(f) is convex and its maximum on |0, f,l-j] is attained on the boundary O or
b If A <n— (pg —pr)(y — 1) then H(f) is concave, so it can cross zero from above only once.
In either case, there exists a unique f’ such that H(f) > 0 on [0, f’] and H(f) < 0 on [f', f*].

Depending on whether f’ < fi or not, we need to consider two cases.
o Case 1: f' > fi.

— On f € [0, ft], we know H (f) > 0 and L (aj? —j%) <0 on [0, fi]. Using Theorem 1,
we know that aj? (f) —j%(f) cannot have a negative interior minimum on [0, f;]. Given
aj?(0) — j%(0) > 0, we know that aj? (f) — j%(f) >0, Vf € [0, f;). Moreover, Theorem
2 and Corollary 2 imply aj? (i) — j% (fi) < 0.

— On f € [f, f?], we know H (f) < 0 and L (aj? — j%) > 0. Using Theorem 1, we
know that aj?(f) — j%(f) cannot have a nonnegative interior maximum. Given that
aj) (F7) = 3t (1) <0, ady () = 33 (£) <0, ¥f € [, f1].

— On f € [ft, f']. Suppose there exists a f” € (f;, ) such that aj? (f") — j% (f) > 0.
Given that aj? (fi) — 3% (f1) = 0 and aj? (f) — j% (f) < 0, it must be that aj? (f) —

7% (f) has a nonpositive interior minimum on [f;, f”]. Meanwhile, from L(aj? (f) —
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3% (f)) <0 for f € (fr, f"), we know from Theorem 1 that aj? (f) —j% (f) cannot have

a nonpositive interior minimum on (f;, f”), which constitutes a contradiction.
o Case 2: f' < fi.

— On f € [f}, f}], we know that H (f) <0 and L (aj? — j%) < 0. From Theorem 1 and
2, we know a9 (f) — j% (f) <0 and aj¥ (f) — 5% (fy) <0.

— On f € [f', f4], L% (aj? — j%) > 0 so that aj? (f) — j% (f) cannot have a nonnegative
interior maximum. Together with aj% (f+) — 5% (f+) <0, this shows aj? (f)—3% (f) > 0.

— On f € [0,f], we know that H (f) > 0 and L (aj? —j%) < 0 on [0, f;]. Using
Theorem 1, we know that aj?(f) — j%(f) cannot have a negative interior minimum on

[0, f']. Given aj?(0) — j%(0) > 0, we know that aj?(f) —j%(f) >0, Vf €0, f).

Proof of Lemma 3

Proof. Let 4 = j}l (f) + 1 and the goal is to show @ (f) > 0, Vf € [0, fIb{]. We know from (A.51)

that @ (0) > 0 and (A.47) that @ (f%) = 1. Moreover, @ satisfies

%ozf%”—(uH+§—a2)fa’—(p+A+€)ﬂ=—<p+A—r)(j’L+1) <0,  felo,fy

SRS — (i + €= 0%) fil — (P A+ =-A <0 fe[fy ]

By Theorem 1, we know @ (f) cannot admit a nonpositive interior minimum on [0, f%], which rules
out the possibility that 4 (f) < 0. O
Proof of Lemma 4

Proof. For any f < ﬁ, there is a naive policy that the equity holder does not issue any long-term

debt, in which case the scaled net cash flow rate becomes 1 — (r + &) f+(p+ A —y)d > 0. In other
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words, the naive policy generates positive cash flow to the borrower, so that it is never optimal to

default. Therefore, it must be that f¥ > ﬁ Plugging (A.46) and (A.47) into the HJB equation

for ju(f), we get j}/{ (f4) whenever f% > ﬁ

Next, let us turn to prove that j}/{ (0) > 0. Let us define u = j}{ and differentiate the HJB

equation once

%ﬂf?u” ~(pr +E=0") fu' = (p+ A+ Qu=(r+&) — (p+A=1)j.
Moreover, let z be the solution to

ST (€ 0?) F2 — (pE A4 2= (46 — (4 A= 1)1, (0)
with boundary conditions

lim z < 00
fw(ﬁ

2(fi) = ulfi) = du(fp)-
The solution is

_rHE (e A=1)i0)
ptA+E ptA+E

+(j}1(f+)+ s <P“—T>j2<0>)<f°“)“

pPHA+E  pFAFE fi

(e +¢ =300 + /(e +€ =37+ 22 A+

w1 = 3

o
Let 0(f) = z — u. It is easily verified that 6(0) = 0 and 6(f;) = 0. Moreover, 0 satisfies

502130~ (g + €= 0*) 5~ (p+ A+ )5 = (p+ A= 7) (Gi(f) — (0)) 2 0.
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By Theorem 1, § cannot have an interior nonnegative maximum, and the maximum is attained at

f =0. Theorem 2 further implies ¢'(0) < 0 so v’ (0) > 2’ (0). Finally, we know that

r+& (et A—1)i 0
ptA+E ptA+E

2 (f) = (j}{m) + ) frenpemt = (u(h) +1) Fo o

N

which implies 2/(f) > 0 given that ji(fi) > —1. Therefore, v’ (0) = jy (0) > 0. O

Proof of Lemma 5

Proof. We differentiate the HJB (A.4) once and take the difference between the left limit f;— and

right limit f;+

N L

SO PG = 5 i) = (0= 1) [agn(F) — ()]

N

where a = 1 + Tir The proof of Proposition 2 shows aj; (fi) — jy(fi) < 0 so that 55 (fi—) >

N

I (fit).

A.3 Detailed Solutions of the Joint Value jg(f)

Proposition 10 (Value function). In state § = L, the joint continuation value is

0 e 1 o+ 1 1 Y\
]L(f)_r-l-?]—NL 7"+77+€f+7—17"—|—77—NL <f2>’ (4.37)

no default value default option

where v > 1 is provided in equation (A.42), and the default boundary f? in (A.43).
In state 0 = H :
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o If A > A, the joint continuation value is

. ¢
PP KCARC EARETED) () felo,f) )

ur(f) + (3% (f1) = ua (i) ho(f) — us (FE)P(f)  f € [fr for]

where ¢ > 1 is provided in (A.50), and

B 1 prA—T\  r+¢ pHA—r
uo(f)_p+)\—uH<1+r+n—uL> p+>\+§(1+r+n+§>f (4.39)

no defath value

1 1 U
ros <f>
y—1r+n—p \f}

default option in low state

B 1 r+£&
ul(f)—rJrA_MH—TJFAJrgf. (A.40)

no default value

The discount factors 6, ho(-), and hi(-) are defined in equations (A.52) and (A.55). The
boundaries f; and fIb{ are determined using the boundary conditions equation (A.45) and

equation(A.47).

o If X\ <\, the joint continuation value is

, 1 r+¢ r+& ff < f )51
0 H
_ _ + L E Gy gL A4l
in(J) r+N— g 7“+)\+ff r+AEEB \ Sy ( :
no default value default option

where 51 > 1 is provided in equation (A.53), and the default boundary fllfl in (A.60).

Solution to the HJB equation in the low state. Equation (8) is a second-order ODE, and

a standard solution takes the form

JR(f) = Ao — ALf + Ao 7 + Ag 2.

TA12



Plugging into the ODE, we can get

1
Ap= ———
r+n—puL
A= TTE
r+n+§
2 A.42
ML+E+%02+\/(HL+5+%O'2) +202 (r+n—pr) (4.42)
mn = 3 > 1
g
2
ML+£+%02—\/(ML+§+%U2) + 202 (r+n— pr)
V2 = s <0.

The condition lims_0j?(f) < oo implies A3 = 0. We define v = ;. Combining with value-

matching and smooth-pasting condition, we get the default boundary is

T+ — )+ &)

Therefore, the joint value at 6 = L is

J(f) =

1 r+& n r+& f2<f>7.

rhn—pr ot € rhntEy \f}

Solution to the HJB equation in the high state for f; > 0. The value function satisfies

equation (A.4) together with the boundary conditions

it (fi=) = i (fi+) (A.44)
i (fi=) = i (fi+) (A.45)
it (ff) =0 (A.46)
(i) =0 (A.47)
lim iy (f) < oo (A.48)
=" ). (A.49)
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First, we consider the solution for f € [0, f;], in which region the value function satisfies the

equation

(0+ X = ) (1) = 1= (0 +-€) ] + o+ A= 1) JS) = (uar +€) S35 + 50° 3% ().

The unique solution to this ODE satisfying condition (A.48) takes the form

3% (f) = uo(f) + Bf?,

where the coefficient ¢ is given by

5 MH+§—|—%02+\/(MH+§+%U2)2+202(p+)\—MH)

5 > 1, (A.50)

g

and a particular solution wug is given by

1 p+A—r r+£ ( p+/\—r>
— 1+ - 1+
uo(f) p+A—uH< 7'+77_ML> PRSP rnve)!

no default value

1 1 Y
o per—— <f£> (8.51)

-~
default option in low state

where the discount factor ¢ is

p+A—r

5
prA—r—=n+(pg—p)(y—1)

€ (0,1). (A.52)
The coefficient B is pinned down from the value at ;% (f3)

B =f7? (% () — uo(fy)
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so that

0 0 £\?
) = wo(F) + () — uo(f7)) (JCT) o vrelo .

where j% (fi) = p;i;r 49 (f4). The solution on the interval [ I+, f?[] can be obtained in a similar

way. Let us define

1
D= —(ug + &)y + §G2f290”-

In this interval, the value function satisfies the equation

(r+X— ) ju(f) = 1= (r+ &) f+ D% (f).

The homogeneous equation

(r+A—pm) o =D"p

has two solution £ and f72, where

_MH+§+%02+\/(MH+§+%02)2+202(T+)\*MH)

1= 5 >1
g (A.53)
1.2 1_9)2 2
pE+ &+ 50 —\/(MH+£+§0 )" +20% (r+ X — pm)
2 = 3 <0
o
Hence, the value function takes the form
Jor (f) = wr(f) + Dif? + Do f™.
The particular solution is
1 r+&
ur(f) = f. (A.54)

r+X—pg THAFE
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Finally, by combining equations (A.44) and (A.46), we get

3 + () ()"~ m()

[ - &Y

Dy = (fiy) ™ (—ur(fy) = Da(si)™)

Dy =

It follows that the solution to the value function on this interval is given by

F0CF) = wa(F) + (i () = wn(F0)ko (£ fi, £y ) = wFihe (£ 55 1)

where

/N

ho (f‘fT?fIIZI) =

- ()°
)

(A.55)

/N
S S ok
SN——
S
|
~
T

/N

h1 (f‘fhf?[) =

It remains to find equations that solve { Tt f};}, which come from the smooth pasting conditions

(A.45) and (A.47). These two conditions lead to the two-variable, non-linear equation system below

O .
-G G- G T e Y e
(A.56)
(ut(fr) — uh () fr + S (G (i) — uo(fy)) =
) i g (2 gy (£
ui(fh) (ﬁ)gi _?fog)ﬁz (g)ﬁ " + (u(fr) —w(fy) : Eg;ﬁl B <2f;<§1/{32> (A.57)
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Solution to the HIB equation in the high state if A < X\. The value function satisfies
(04 A=) 35(F) = 1= (0 +8) f — (un +6) S35 () + 50235 (). (A59)
We guess the solution of the value function takes the form
i (f) = Dg — DIf + D3 f + D3 ™.

Plugging into equation (A.58), we can get

1
D)= —,
O r XN —pupg
o r+¢
PTra+ €

The condition chin%j%(f) < 00, we know DY = 0. Since ;% (f%) = 0 and % (f%) = 0, we know
—>

0 1 r+¢& r—+¢& f%(f)ﬁl
- - Jo () A.59
in(f) A= pn T+)\+§f+7“—|—)\+§51 ) (4.59)
where
— . A.60
(L R S N (4.80)
B Analysis of Extensions
B.1 Subsection 5.1 with Derivative Contract
In the high state, the HJB equation is
, ) 1 )
(p+A—pm)ju(f)= max  1—(r+&) f—g z+(p+ X —yn) d—(ua+E) fig ()50 Fi5(f)
dE[OJH(f)LzZO 2

+ Agmax {j.(f) + 2z —d,0} + A(1 — q) max {j.(f) —d,0}. (A.61)
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The following Lemma characterizes the solution to the maximization problem in equation (A.61)

Lemma 6. The optimal short-term debt and hedging policy dg (f), z(f) is

P L) 2 b in(f)
Ju(f) Otherwise.

A(f) = 0 if §u(f) = sxtig—Ju(f)
Jja(f) —io(f) Otherwise.

\

Proof. In equation (A.61), dy and z are chosen to maximize

=g 2+ (p+ A —yn)du + Aqmax {jL(f) + 2 — du,0} + A(1 — ¢) max {j(f) — du,0} .

There are three situations that we need to consider:

1. If dg < jr(f), the objective becomes

—qAz+ (p+A—r)dg + X (GL(f) + 2 —dm) + M1 = q) (G(f) —du) = (p —7) dg + Mz (f),

which is maximized at dg = jr(f) with the maximum value

(p+A—=1)ic(f)

2. If dg € (jr(f),jL(f) + 2], the objective becomes

=g 2+ (p+Ag—7r)duy + Aq(GL(f) + 2 —du) = (p— 1) du + AgjL(f),

which is maximized at dg = jr(f) + z with the maximum value

(p—r+AQ)jr(f)+(p—1)z.
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Given that dg = jr(f) + z < ju(f), we know z < jg(f) — jr(f). The maximized z =

Jju(f) — 7o (f), and the maximum value is

(0 = 7)iu(f) + AgiL(f)-

3. If dg > jr(f) + z, the objective becomes —g\z + (p — r) dp, which is clearly maximized at

z=0and dyg = ju(f), with a maximum value

(p—r)ju(f)

Clearly, the last one is dominated, so the borrower’s choice is

o If (p—7)iu(f)+Agj(f) < (p+AX—7)jr(f), then dg = jr(f), and z is irrelevant so without

loss of generality set as zero.
e Otherwise, then dy = jy(f) and z = jg(f) — jo(f).
O]

When dg(f) = jr(f), the firm will survive the regime switch anyway, so insurance is unneces-
sary. By contrast, when dg(f) = ju(f) so that short-term debt is risky, the equity holder buys
enough derivative contracts to insure against the regime shift. The equilibrium takes a similar
form as the one in section 4. The amount of short term debt is dy(f) = jr(f) when f < f;, and

du(f) = ju(f) if f > f;, with the threshold f; given by the indifference condition

fr=min {f >0: (p+ X1 —q) —r)jr(f) < (p = r)in(f)}. (A.62)
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Given the optimal policy in Lemma 6, we can write the HJB equation in simpler form

(p+X=pm) ju(f) =1=(r+ )+ (p+A=r)jr(f) = (na + O Lin(f) + %cﬂf?j};(f), Fe.fp)

(r+X—pm)ija(f) =1—(+&) f+a\ic(f) — (wa + ) fin(f) + %02f2j}§(f), f e (fr. o).
(A.63)

The price of debt is now given by the solution to the asset pricing equation.

O+ &+ N o () =7+ €4+ 00 () + (g1 () + 0 — s — ) Sol () + 50 Pl (1), € (0, )

(r+&+Npu (f) =r+&+ AL (f) + (9a(f) + 0 = pm — &) folp(f) + %021”219’1%(]”), f e (fr fh)-

From, here, together with the indifference condition 5%, (f) = —pw(f), we can obtain the equilibrium
issuance function. We omit the details, but a similar calculations to the ones in the absence of
hedging show that the equilibrium issuance policy is given by (18). Notice that although the form
of the issuance function does not change the total issuance of long-term debt does change as the
price of long-term debt is now different. The main impact of hedging though is on the value of the
threshold f;.

It immediately follows from this indifference condition that when ¢ = 1, the threshold f; is equal
to zero as (p — r)(ju(f) — jr(f)) > 0 from the definition of f; in equation (A.62). In other words,
the borrower does not issue any long-term debt if she can perfectly insure against the regime shift.
The solution in Lemma 6 becomes dy(f) = ju(f) and z(f) = ju(f) — jo(f) for all f € [0, f%].

This provides a proof of Proposition 7.

Solution HJB Equation

The solution to the HJB equation takes the same form as in the baseline model. The function wug
is still given by (A.51), but the expression for u; is different to the one in equation (A.54) because
it includes the term g\jr(f) capturing the continuation value after the regime switch.

For f € (0, f;), there is no change in the differential equation, so the solution remains the same.
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On f € (fi, f) the HIB equation becomes

(r+X—pm)ja(f)=1- 0+ f+a\jc(f) + D ju(f)

If f> fﬁ, the continuation value jr(f) and the particular solution is

1 _ r+&
r+X—pg  rH+A+HE

ui(f) = I

When f < fﬁ, the particular solution takes the form

__ra
r+A+¢

ui(f)

A
<1+qr+n+£>f+c<

Substituting in the previous the ODE, we find that the constant C' is given by

— = (1+
T+>\—MH( qT+77—ML>

B Aq 1 1
A=n+(pag—pr)(y—1)y=1r+n—pr

The solution then to the HJB equation is

;

¢
uo(f) + (G () = wo(f)) (£)
Jn(F) = Qui(f) + Gu(f) —wa(fi)ho (F1 1 £2) + Gr(F2) — ua(f2)) b (| f, £2)
wr(f) + (Ga(f}) —ur(f2) ko (f|f2. for) — wi(Fo) b (F| 2, )
where
uo(f) = 1 B r4+£& et 1 1 <f v
ST N e+ Ty —lrtn— L \f}
r v .
Ul(f) _ r+>\1—,uH (1 + r-‘r;\guL) B r-‘ri—g&-f (1 + r+/\7]q+§> f +C (é) if f <
T+)\1—MH B r:--)‘\_-fl—ff if f>
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and the constants A, B, are given by

prA+N—pL prA+N+E p+A—r
A=C"2"1 7 p=tr2T7Ts 5= .
) r+n+§ p+A—r—n+(ug —pr)(y—1)

The functions ho(-) and hi(-) are defined in equation (A.55).
Finally, to show that f; is decreasing in ¢ when f; > 0, it suffices to show that jg(f) is increasing

in q.
Lemma 7. If (p+A(1—q) —7)jr(0) > (p—1)ju (0), then the value function ju (f) is strictly
mcreasing in q.

Proof. For an arbitrary positive function j, we define the following operator:

B()(H) =5 | ["e (1= (4 9t vl la) dtfoa = 1

720

subject to  dzy = — (& + ppg)zdt — oz dBy,
where
v(2,jlg) = max{(p+ X —r)jr (2), ¢\jL (2) + (p — ) j}

and p=p+ A — pg. It follows from the HJB equation that the value function jg is a fixed point
Jju(f) = ®(jm)(f). Hence, it is enough to show that the operator ® is contraction to get that the
solution is unique. First, we can notice that ® is a monotone operator: For any pair of functions
J1 > Jo, we have v(f,j1lq) > v(f,jolq); thus it follows that ®(j1)(f) > ®(jo)(f). Next, we can

verify that ® satisfies discounting: For a > 0, we have

v(z,j +alq) = max{(p+ A — 1) jr(2), q\jr (2) + (p — 1) (j + a)}

<max{(p+ A —r)jr(z) + (p = r)a,qNjr (2) + (p—7) ( + a)} = (p — r)a+v(z,]lq),
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so letting 7*(j) denote the optimal stopping policy, we have

®(j +a)(f) =E

7*(j+a) . ~
/0 e (1= (r+ )2+ (21, (z2) + alq) dtz0 = f]

<E

™(+a) ~
/O e Pt (1 (r+§)zt+u(Zt,j(Zt)\Q))dt)zo = f]

+ PR [1 _ ()
P

zozf}a

<E

(@) -
/0 : e P (1= (r+ &z + vz, j(z)]q)) dt‘zo = f]

+ LTTE [1 _ e P (i ta)
p

zozf}a

= o(j)(f) + %E [1 _ e hT"(ta)

0 = f} a < ®(5)(f) + ﬁa'

As ® is monotone and satisfies discounting, it follows from Blackwell’s sufficiency conditions that
® is a contraction, which means that there is a unique fixed point jy(f) = ®(ju)(f).
For any pair of parameters ¢, > qo, the inequality v(f,j|q1) > v(f,jlqo) implies that the

operator ® is increasing ¢. It follows from Theorem 1 in Villas-Boas (1997) that the fixed point

g (f) = ®(ju)(f) increases in q. O

B.2 Subsection 5.2 with Restructuring

In this section, we provide the analysis of the equilibrium when short-term debt can be restruc-
tured in section 5.2. Following the state transition, the borrower receives jr(f) — dg if she does
not default. If there is a default, with probability 1 — «, there is no renegotiation, and she receives
zero. With probability «, there is renegotiation. In this case, if short-term creditors make an offer,
they receive jr(f) while the borrower receives 0. If the equity holder makes an offer, they offer 0
and obtain jz(f), while the short-term creditors get 0; however, such an offer is credible only if

Jo(f) < dg. If jo(f) > dg, then the only credible offer is dg." It is easy to verify that renegotiation

"When there is indifference, we break ties in favor of the efficient outcome of continuation.
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no renegotiation
prob. 1 —«

0,0

renegotiation
prob. «

ST creditor offer dgr E offer dg

Jr(f) — dst, dst

not repay repay
0,0 J(f) — du.du
Figure 1: Renegotiation Process

The game tree illustrates the renegotiation process. If the firm defaults, renegotiation is triggered with probability
«; otherwise, there is bankruptcy. In the event of renegotiation, the equity holder gets to make an offer with
probability 3, in which case she offers dg. Otherwise, the offer is made by short-term creditors, in which case they
offer dgt. In the tree, E indicates nodes where the equity holder moves and ST nodes where short-term creditors
move. At the end of the tree, the first coordinate indicates the payoff to the equity holder, and the second

coordinate indicates the payoff to short-term creditors.

is triggered only after the regime switch and ji(f;) < dg(f;). The firm goes bankrupt only if the
restructuring process fails, which happens with probability 1 — «. To determine the interest rate,
we need to analyze the expected recovery. If dy(f) < jp(f), there is no default, and short-term
creditors are paid in full. The equity holder does not have incentives to default because no credible
offer would allow paying less than dg. If dg > jr(f), the equity holder default so the expected
payoff is (1 —af) x 0+ af x jr.(f). In the event of default, each creditor gets zero with probability
1 — a1 — B); that is, if either renegotiation is not possible or if it is possible, but equity holder is

the one to make the offer. With probability a(1 — (), the short-term debt recovery per dollar is
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Jjr(f)/dr. Hence, the short rate is given by

T if dg < jr.(f)

A (1 — a1 —ﬂ)jL(f)) if dir > i (f).

du

The analysis in state L is unchanged. In state H, we construct an equilibrium similar to the one

without restructuring. The HJB in the high state follows

(p+ A=) ju(f) = | max (L—m) = (r+&)f+(p+A=yu)dn

+ A((jL(f) —du)La,<j () + aBjL(f)]]-dH>jL(f)) — (p + &) fia(f) + %UZf2j¥I(f)‘ (A.64)

The optimal solution for short-term debt is

() ie(f) =2 stay=iu(f)

Jju(f) Otherwise.

du(f) =

Note that when o = 0, we are back to the benchmark model. Interestingly, & and 3 serve different
purposes: the former leads to efficiency loss, and the latter is only about how to redistribute the

surplus across the coalition. The threshold now is determined by the indifference condition
fr=min{f>0:(p+ 1= a)=r)jc(f) < (p=1)ju(f)}- (A.65)
The HIJB equation (A.64) can be written as

(p+A—pa)ju(f)=1—(+ f+(p+X—r)ic(f) = (pa + ) fiu(f) + %UZfQjZI(f), fe(0,f)

0+ A= ) () = L= (€ f + Magin () = (it + O3 () + 50° D), f € (o T
(A.66)
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We see that the only difference with the original equation is that now, when the firm is fully levered,
there is a term Aajr(f) capturing the continuation value after the regime shift. Notice that the
HJB equation (A.66) takes the same form as the one with hedging in equation (A.63), so hedging
and renegotiation serve a similar economic purpose in the model. The asset pricing equation for

bond prices becomes

(r+&+Npu (f) =r+&+ () + (9a(f) + 0> — pm — &) folp(f) + %UQprﬁéf(f), fe(0,f)

(r+ &+ N pu (f) =7+ &+ dapr + (gu(F) + 0 = par =€) Fou () + %ozﬂp’}f(f), f e (f fr)-

Thus, together with the indifference condition j% (f) = —pm(f), we obtain the equilibrium issuance
function in the high state is given by the same expression as the one in equation (18). The HJB
and price equations are identical to the ones with hedging, so the proof of Proposition 8 follows the

one in Online Appendix B.1.

B.3 Subsection 5.3 with Cash Flow Jumps

Suppose that
dX; = pXedt + 0 X¢dB; — (1 — w™ ) X, _dNy,

where N, is a Poisson process with intensity A and w > 1. Using Ito’s Lemma, f; solves
dfy = (9: — p— &+ %) fedt — 0 fydBy + (w — 1) fr—dN;

Thus, the scaled value function satisfies the delay differential equation

(04 A=) i(f) = 1= (0 +6) F — (u+ &) F7(1) + 50°F5"(f)

L ded)
w

+max{(p—r)j(i:f) 7(p_r)j(f)}
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We guess and verify that the optimal short-term debt policy is given by

D) if e (o, fi]

i(f) i fe(fn f)

The HJB equation can be written as

(04 A=) i) = 1=+ 60 S — a4 ) 15+ 305D + (oA =20 pe oy

w

r+A=—p)i(f)=1=@+8&f—(u+&fi'(f)+ %az’f?j”(f), f e ).

The default boundary solves the value matching and smooth pasting conditions j(f°) = j/(f) = 0.

Long-term bonds satisfy the asset pricing equation

(r+€+Np(f)=1=(+& F+ (9(f) —n—E&+07) fi'(H) + %ozf%”(f) +Ap(wf), f €0, f)
(r+ &+ 0p(f) =1=(+OF + (9(f) —p—&+07) f5'(f) + %azf%”(f), fe )

Finally, we derive the issuance policy ¢(f) combining the asset pricing equation with the indifference

condition p(f) = —j/(f). This yields

(p—r)(p(f) —p(wf))

9(f)= 73" (F)

Numerical Computation: For computational purposes, it is easier to work with the the state

variable = = log(1/f) = —log f. Let j(z) = j(e~®) and § = logw. Then, we get

J@) == (e e

j”(l’) _ j//(e—w)e—Qz +jl(e—x)e—z — jl/(e—a:)e—Zx _ ],($)
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Substituting in the HJB equation we get

(rtA=mj(a)=1-(+&e "+ <“+§+ ;UZ> j'(x) + 3025"(&?)

— (o= rymin {(a) — 22D o),

where
pHA—r
p—r

a

We write this as a system of two first order equations. Letting yo(z) = j(z) and y1(z) = j'(z),

we can reduce the second order equation to the following system of first order equations

o2

o) = 25 [+ 9 =14 04 A= i) - (€4 50 ) @)

+(p — r) min {yo(x) - ayo(ié_a), 0}] .

The previous equation is a system of two first order delay differential equations with constant
coefficient that can be solved using standard numerical routines. The value matching and smooth
pasting conditions at the default boundary 2? = —log f* are yo(z®) = yi(2?) = 0. The only

remaining step is to specify the transversality condition. From the HJB equation we get j(0) =

=Sy (w_wl) T SO We have the transversality condition

lim yo(z) = d
aro0 0 (N w =) +r—pw’

To incorporate this transversality condition, we approximate the value function for f = e. This

corresponds to a value of x given by z. = —loge. Differentiating the HIB we get
(P+A+E () == +8&) = (p+E=0°) 5" (/) + (p+ A =1)j' (W),
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and evaluating at f = 0, we get

Hence, for € close to zero

ile) = (p+AN)(w—1)+7— pw —©

which means that

~ w

i) =96 = e ¢

— e

Finally, we can write the price and issuance function in terms of the functions yo(x),y1(x). The

price of long-term bonds is given by
p(f) = —3'(f) = j'(@)e” = yi(z)e".

Letting x4 = —log f;, we get that on the [x{,00), the issuance policy is

()= PmN@E) —p(C) (o= n)n() — e —d)e)
g —e=op/ (e) —e=2(yi(x) + y1(2))

B.4 Subsection 5.4 with Transitory Shocks

In this section, we extend the model to consider some further empirical implications. In the
main model, we have assumed that the state #; = L, is absorbing. If we interpret the changes
in regime as business-cycles, it is natural to assume that these are transitory. We can extend the
model to consider this situation. We denote the transition rate from the high state to the low
state by Agr, and the transition rate from the low state to the high state by Apg. The stationary
distribution of the process 6; is then given by Pr(0 = H) = Apg/(Apg + Agr).

We quantify the model following Chen et al. (2021). As in their paper, the transition probabil-
ities between states are set to Ay = 0.1 and Ay = 0.5, yielding unconditional probabilities of %
for the high (H) stage and % for the low (L) stage. Using their reported state-dependent interest

rates (5.6% in H, 2.6% in L), we calculated the unconditional rate as r = 5.1%, then adjusted for
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their 20% tax rate to derive p = (1+20%) x r = 6.12%. Debt maturities (7 years in H, 6.5 years in
L) were averaged to 6.91 years unconditionally, implying a amortization rate £ = 1/6.91 ~ 0.145.
Cash flow parameters include growth rates py = 6.2% and pz, = 1.6%, and unconditional volatility
o = 13.93%. As estimated by Petrosky-Nadeau et al. (2018), the disaster shock’s arrival rate is

n = 8.6%. The parameters are summarized in Table 1.

Table 1: Model Parameters

State transition intensities: Agg 0.1 0.5
Cash flow expected growth rate: gy 6.2%  1.6%

Risk-free interest rate: r 5.1%
Borrower’s discount rate: p 6.12%
Cash flow volatility: o 13.93%
Amortization rate: £ 0.145
Disaster shock’s arrival rate: 7 8.6%

The equilibrium has the same qualitative features. The only changes is that in the HJB equation
(A.2) for jr(f) and in the asset pricing equation (16) for pr(f), we have to add additional terms

ALH (jH(f) — jL(f)) and Arg (pH(f) - pL(f)), respectively. The issuance policy takes the general

form provided in equation (18). When shocks are transitory, the HIB equation for jz(f) becomes

(p+n—pL) L (f)=1—(+& f+(p—r)j(f) + D ir(f) + Ara (ju (f) — jr(f)).

The indifference condition for the issuance of short-term debt in high state remains the same and
is given by

(p+AurL —7)ic(fy) = (p—7) ju(fr)-

We solve the equation in this region, and the combines the solution using smooth pasting and value
matching conditions at the threshold f;. The default boundary are determined using the same

value matching and smooth pasting conditions as in the main version of the model.
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Solution for f € (0, f;). The characteristic equation of the associated homogeneous equation is

now a quartic equation instead of a quadratic one. Hence the solution takes the general form:

Jo(f) = Ao — Arf + Ao f7 4+ Az f72 4+ Ay f7% + A5 f

Jju(f) = Bo— B1f + Baf "™ + Bsf" + By f® 4+ Bs f74.

Substituting the conjecture in the ODE, we get the linear system

(r+AXtg+n—pn)Ao=1+AgBo
(p—i-)\HL—,U,H)Bo:1+(p—|—)\HL—T‘)A0
(r+&+Ag+n) A= +&+AubBa

(p+&+Agr)Br=(r+&) + (p+ A —r) Ar.

It follows that

P+ AHL +ALe — pH

An =
0 (p+Agr —pr) (r+n—pr) +Apg (r— p)
o (p+&+AgL + Apw) (r+¢)
(p+E+AuL) (r+&+n)+Apy (r+§)
1+(,0+)\HL—7")A0
By =
p+AuL — H
B O+ (p+ AL —1r) Ay
1_
p+E&+AnL

In addition, for any : = 1,...,4

1
(r+Xeg+n—pr) A = — (0 + &) Aiq1vi + AoaBigr + 502Ai+17i (vi — 1)

1
(p+Agr — pr) Bivi = (p+Agr — 1) Aiv1 — (ug + &) Big17vi + §U2Bi+1%’ (vi—1)
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If we multiply the equation for Ay by 1, we get

1
(r+Apg+1—p)71ds = — (pr +€) Aoy + ApgBomi + 502A2ﬁ (11— 1)

when Arg # 0, from the equation for As we have

1
ApaBa = |(r+Xpg+n—pp) + (up + & — 50271 (m1 —1)] As.

Substituting in the equation for By we obtain an expression for By7y; that can be then substituted
back in the equation for Ay (multiplied by 71). Canceling Ag, we obtain the characteristic equation

for the homogeneous equation

1 1
Za4fyf+§02 (ML+MH+2§+02) o
1 1
+ [404—20'2(p+>\HL+7“+>\LH+77—2(ML+MH+§))+(ML+§)(MH+§)] "

1 1
+ [<MH+§+202> (r+Aeg+n—pL)+ (p+ oL — p1w) <ML+§+202>] "

+(p+ AL —pu) (r+n—pr) + (r—pu) Aoy =0
This equation has four roots.

Solution for f € (f;, fllil) In this case, we guess a solution of the form

Jn(f) = Co— CLf + CofPr + CsfP2 + Oy fPs 4+ Cs f

ju(f) = Do — Dif + Dy f™' + D3 .
From the HJB equation for jg(f), we get that 51 and B2 are the roots for the quadratic equation

1 1
50252— (MH+§+202)5+/1«H_7'_)\HL:();
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which are given by

5 _MH+§+%02+\/(MH+§+502)2—202(,LLH—7“—/\HL)

1
o2 ’

2
8 MH+§+%02—\/(MH+§+%02) —20% (g — 7 — AgL)
9 = 5 .

g

From the equation for jz,, we get that 83 and (54 are given by the roots to the quadratic equation
1 1
50252 - <ML+£—|—202> B—(r+ Ay +n—pL) =0,

which are

P uL+£+%a%%¢wL+§+%ﬁf+2ﬂ0“hnH+n—um

> 1,
3 o2
1,2 1.2)2 2 _
prL +§+ 50 (p +&+50%)" +20%(r+ Apg +n—pr)
4 = ) <0
g
Matching coefficients, we get that
1
Dy=—"—"84¥¥—
T+ ANHL — WH
o S
r+&+ AL
1+ ALuDo
Cp =
r+ALg+n— B
r4+ &4+ Apg D
C, =
r+&+Apg+1n
Oy = A D2
r+ A +n—pp+ (L +€) B — 502 (B — 1) K
A D
Oy = LHD3

P4+ A+ —pp+ (pL+€) B — 502 (B2 — 1) B2’

Boundary Conditions. We still need to determine the coefficients (4;, B;) for i = 2,...,5, the

coefficients Do, D3, and (4, C5, as well as the thresholds f;, ffil, f}i.
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We start considering f € (0, f1). Under reasonable parameters, we have found that all four
roots of the quartic characteristic equation are real, and that two of them are positive (let the

positive roots be 71 and v2). If this is the case, the transversality conditions
L < o0,
lim, jr(f) < 00
lim j <
lim g (f) < oo,
imply that Ay = As = By = Bs = 0. Thus, we can write the value function as

Jr(f) = Ao — AL f + Ao f7 + A3 f7?

Jju(f) = Bo — Bif + Bof " + B3 f72,

where the coefficients Ag, A1, By, B1 have already been determined. Moreover, from the previous

analysis we already have that for ¢ = 2,3

1
(r+Apg+n—pL) + (pr + &) vie1 — 502% (Yie1 — 1) |A; = A\pu By,

so the coefficients {Bg, B3} are immediately determined by the 2 free coefficients { Az, A3}.

Next, we consider the intervals (f, %) and (ft, f2). Here we have that jp(f) takes the form

Jr(f) = Co — C1f + CofPr + C3 72 4+ Cy fP + C5 P4

ju(f) = Do — D1 f + DafP" + D3 f%2.

where we have 4 free coefficients {C2, C3, C4, C5} since {D2, D3} are fully determined by {Cs, C3}.
Thus, we have to determine (A, A3, Ca, C3, Cy, C5) in addition to the free boundary (ft, f2, f2);
hence, we need 9 boundary conditions. The first boundary condition is the indifference condition

(p+Aur —71)ic(fy) = (p— 1) ju(fr).
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The value function must be continuously differentiable at f; se we have the value matching and

smooth pasting conditions at f;

Ju(fi—=) = ju(f1+)
Jo(fi=) = jo(fi+)
Ju(fi=) = ju(fi+)

g (fi=) = Jp(fr+).
Finally, we have the value matching and smooth pasting conditions at the default boundary

j(f2) =0
ju(ff) =0
Jr(f1) =0

Ju(fir) = 0.
Substituting the value function in these conditions, we get

Ao = Avfy+ Az () + A ()7 = ——F e (Bo = Bufy + B2 ()™ + B (7))

Bo — Bifi + Ba (f)™ + B3 ()" = Do — Dy1f: + Dy (f)** + D3 ()™
Ao = Av (fy) + A2 (f)™ + A3 (i) = Co = Cofy + Ca (f)™ + Cs (f)™ + Ca (f)™ + C5 (f1)™
—By+mBa (fy)" " +72Bs (f1)* 7" = —D1+ B1Da (f1)" 7 + BaDs (fy)
— Ay Ay ()" 2 ds (f) 2T = —CL+ B0 () 4 BaCs ()

+ 33C4 (ff)ﬁs*l + 54C5 (fT)ﬁrl
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and

Co-Cft+ o (1) w0 ()" + ()" + o5 (1) =0
Do — D1 ffr + D2 <ffl}>ﬂl + D3 (f]b{)BQ =0
B0 (1) s (1) e (1) mes (1) =0

—D1 + 51D2 (fg>61_1 + B2D3 (f%)ﬁrl =0

We can simply the above 9 equations into 3 equations and only solve the three unknowns ( f;, fg, fIb{):

From

B1 B2
Do—lezli{+D2<f?1) +D3<fIb{) =0,

Dm0 (1) 4505 (1) =0,

we know

B r+€ b
e~ B ) e S

- (F5)" (B — p2)
o — (B = ) e [

(o)™ (B2 — 1)

Then we know Cs, C'3 from

Cy— AruDo
T+ AL +n—pp+ (pp+ &) B — 502 (B — 1) By

AogD

Oy = LuD3

T+ A +n—pp+ (L +€) B — 502 (B2 — 1) B
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From

Bo — Bify + Ba ()™ + B3 (fi)™ = Do — D1 f; + D2 (fi)™ + D3 (1)

~Bi +71Ba (fy)" 4+ 7Bs (1) = =D+ B1Da (1) 1 + BaDs ()%

we know

_ —Di+BiDa (f)" 7 + B2Ds (1) + By — 2 B3 (1)
n ("
Dy — Difi + Do (f) + D3 (f;)* — (Bo - Bifi + % (_leT + B1Da (fy) + BaDs (fy) + BlfT))

By

)

B3 =

(1-2) ()

Then we know As and As where

Ay = AL Bo
(r+Aeg+n—pr)+(pr+m — 30201 (n—1)
A= AL Bs
(r+Xpg+n—pr)+ (po+£) v — 30272 (2 — 1)
From
B1 B2 B3 Ba
Co—Cift+Co (1) +Cs (1) +cu(fh)” + s (1) =0
B1—1 B2—1 B3—1 Ba—1
—C1 + 10 (fjlf) + 3203 (fjlf) + 30y <f£) + 34C5 (fg> =0
we know

_ C1 — 510 (fﬁ)ﬁl*l — 2C3 (fg)ﬁrl — B4Cs (fg)ﬁrl
b )"
o+ Cify — Ca (1) = O (s = ARG IO

B3
(1-8) ™

Cy

)

5 =
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Therefore, we only need to solve (f;, f2, %) from the following 3 equations:

Ag— Arfi + Ao (f)" + A3 (f)”? = # (Bo — Bifi + B2 (f1)™ + Bs (f1)™)

Ao — A (f) + Ao (f)" + A3 (1) = Co — Cufs + Co (f)™ + C3 (1) + Cu (1) + Cs5 (1)
— A1+ A (f1) T A ()27 = =01+ BiCo ()P + BaCs (fy) !

+ 33Cy (fT)’BB_l + 84Cs (fT)B4_1

Limit when ¢ — 0

As in the case where the low state is absorbing, we can obtain a more explicit solution for the

equilibrium in the limit when ¢ — 0.

Proposition 11 (Limit long-term debt issuance policy). Suppose that ur, +& <0, ug+£ > 0, and

(r+AuL —pu)(r+n—pr) + (r—pa) Aeg > 0.

In the limit when o — 0, the issuance policy is

f —(v-1)
9o+ g1 <fT> Lip<si0=m3

where gg and g1 are positive coefficients and v > 1 is the unique positive root of

_por
go(f)—ﬁ

0.

2y <p+)\HL—MH _T+>\LH+77—ML> o+ AL —pr) (r+m—pr) + (r— p)Aem
pE + € —(ur +§) —(pur + &) (pun +¢)

Consider the case when urp + & < 0 < pg + £. The characteristic equation for ~; converges to

the quadratic equation

(r +&) (g + Y+ [(p + &) (r+ e +1—pr) + (p+ g — pwr) (pr +)m

+(p+AgL —pg)(r+n—pr)+ (r—pg) \eg =0
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The present value of cash flow is finite given the creditors’ discount rate only if

(r+ g — pm) (r+mn—pr) + (r— pm) Aoy > 0,

which implies that the quadratic equation has one negative and one positive root. Let v be the

positive root, which can be verified to always be greater than 1. Similarly, the roots (; converge to

f1 = o0
By — I HAHL =
p +€
T+ Ag+n—pr
B3 =
—(ur +8)
B4 = —o0.

Thus the solution to the HJB equation on (0, f;), becomes

Jr(f) = Ao — A1 f+ Ao f7

Ju(f) = Bo— Bif + Baf7,
while the solution for (f;, f%) and (f, f2) becomes

ji(f) = Co—Cif + Caf 4 Cuf™
ju(f) = Do — Dif + Dsf™.
The coefficient Ao, By are given by

)\LH Bl _Dl
(r+Am +n—pr) + (L +E vy (f;)"

Ay =
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From the continuity and smoothness of jz(f) at f;, we know

By — Bifi + Baf{ = Do — D1 f; + D3ff2

—Bi1 + 7Bz fy =D+ B2 D3 f 21

which implies that

B2 (Do — Bo) + (1 — p2) (D1 — By) f3
(B2 =) f
D.— 1= D1 = B1) fi +7 (Do — Bo)
3 = .
(B2 —7) sz

By =

The coefficients C3, C4 are

_ ALaD3
4+ A 41— pr+ (pL + &) B2
_ C1 — p2C3 (fZ)BQ_l
B3 (f,l-j)ﬂg’_l

Cs

Cy

Substituting in the HJB equation, we can write the solution for f € [0, f] as

e 4 ALH B2 (Do — Bo) + (1 — f2) (D1 — Bi) fy <f>7
Je(f) = Ao A1f+r+)\LH+77—ML+(ML+§)’Y P2 —~ Tt
ju(f) = By — By 2P0 B+ U= 5) (D1 = Bu) Ji <f>7.

B2 —~ i

For f > fi, we can write

(1—9) (D1 _Bl)fT—F’Y(DQ—BO)] <f>ﬁ2

jH(f)=D0D1f+[ By 7

B v (] C1-vy <f)52_1 _[(1—7)311}4‘730} <f>ﬁ2
- 1+/32—7<f1> ] lell Br = \ fi P2 =1 fi
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and
JL(f) = Co— Cif + Csf? + CyfP
1_1<f>53—1 1_l82<f>/33—/32
Bz \ f? B3 \ f7 '

where we recollect that the constant Ay, A1, By, B1, Cy, C1, Dy, D1 are

=Co—Cif +Cs [

P+ AL +ALH — UH

Ap —
O o+ Aur — par) (0 — pr) + Apa (r — puar)
L= (p—i-f—i-)\HL—l-/\LH)(T—i-f)
(p+E+Aur)(r+&+n) + A (r+€)
1+ (p+ g —1) Ao
By =
p+AHL — pH
B (r+ &+ (p+AgL—1) Ar
1_
p+&+AnL
1
Dy— — -
0 4+ AHL — 1H
r+¢&
Di=—-—>—
! r+&+4+ Mg
1+ AaDo
Co =
r+ALg+n— 1L
r+ &+ ApgDa
Ch =

Cr+ &+ im0

Finally, we get the equations determining the thresholds f;, f%, fz which are given now by

J(fi=) = jo(fi+)
j(f2) =0

ju(ff) =0
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which can be written as

Ag = Aify + Ao f] = Co — Cify + Cs /7 + Cufy™

Co—Cift+Csft™ 1 Cuft™ =0

Do — Dy ¥ + l):afgrﬁ2 =0.

Issuance Function: Before deriving the issuance function we need to derive the debt price, which

is given by py(f) = —jp(f). Taking derivatives for f € (0, f;) we get

() = Ay + ALH v B2 (Do — Bo) + (1 = p2) (D1 — By) fi (f>71
L YU im0 —p+ (a6 vy — Be i It
v B2 (Do—Bo) + (1 —B) (D1 — Bi) fy (f)vl
pu(f) =B +,y_52 2 i :

Finally, we compute the issuance function. We need to find p'; (f) for f € (0, f;). This expression

is given by

_fp}{(f):_W(V*1)52(D0—Bo)+(1—52)(D1—Bl)ft (f)wl'

v = B2 It fr
Next, we compote py(f) — pr(f) which is

r+n—pL+ (pr+&)y  B2(Do—Bo)+(1—p2)(D1—Bi) fy v

pH(f)_pL<f):BI_A1+T+)\LH+?7—/~LL+(,U«L+§)7 fi v — B2

From here we get that

(p—7)pu(f) —pL(f))
— [Py (f)

gu(f) =
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where

o rtn—pr+(pL+ 8y
r4+Apg+n—pr+ (pp+E&y

9o =

A, B (B1 — A1) fi
o= <1 7) P2 (Do — Bo) + (1 = B2) (D1 = B1) f;

Finally, noting that p(0) = A1, pr(0) = By, and By = jg(0), an substituting the relations

(p—7)ig(0) — (p+Agr — 1) jr(0) =1 — (r + Agr — pn) ju(0)

(p=r)pu(0) = (p+ AL —7)pr(0) = (r+ &) — (r + &+ Amr) pu(0),

we can write

1 (r+ Aur — pr)(pr(0) — pr(0)) fi

() .
T T AHL = pH (ﬂ—T)JH(O)—(P+)\HL—T)JL(0)—[(P—T)PH(O)—(P+)\HL—T)PL(0) i

Letting

o(f)=(p—r)ju(f) — (p+Aur —7)ic(f)

we can write
(0= 1)) = (p+ Az~ ) j1(0) = [(0 = 1)pr(0) = (0 + Az — ) pr(0)] fy = 0(0) + ¢/ (0) .

For f € (0, fy),

" p—r AH 2
= i — — —1)Qf"
P = o+ Aur =) [p—f—)\HL—r r+ALH+n—uL+(ML+§)7}fM A

where

v B2 (Do — Bo) + (1= B2) (D1 — B) f (1>7_1
v = B2 fi fi '

Jo(f) is strictly convex only if @ > 0. Hence, the sign of ¢” is determined by the sign of the term

Q
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within the parenthesis. The coefficient ~ is the positive root of the quadratic equation

=0.

24 <P+)\HL—MH _7“+>\LH+77—ML) ~(p+ AL —pu) (r+n—pr) + (r — pr)An
pa +§ —(pL+¢) —(pL + &) (pu +£)

This equation can be rewritten more conveniently as

ALe _ptdmt (= Duat&y o por
4+ A +n+ (v — Dpp + € p+AuL—r p+Augr — 1’
which implies that the term within the parenthesis in ¢”(f) is negative. Thus, we conclude that
©(f) is concave on [0, f;], so ¢(ft) < ¢(0) + ¢'(0) fi. By construction, ¢(f;) = 0, so it follows that
©(0) + ¢'(0) fy > 0, which means that g; > 0. Moreover, from the previous equation for v we also

get that r + Arg +n+ (v — Dpr +€ > 0 and

r4 (v — Dpm + &y <0
p4+ AL+ (v —Dug+&y 7

r4+n+(y—Dpr +v = —Arm

so it follows that go > 0.

B.5 The microfoundation of the disaster shock

Now we show that the disaster shock can be microfounded by a model with three states, high
(H), low (L), and disaster (¢), where pg > pr, > puo. In other words, the low state can still get
worse. As before, let A be the transition intensity from H to L and n be the one from L to ¢. We
are interested in the condition such that in the low state L, the borrower optimally choose to issue
risky short-term debt. In other words, the corresponding f; is zero in the low state L. To do so,

we only need to study the value functions in § = L and 6 = /.
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When 6 = L, the HJB is

(p+m)iL(f) = opax 1- (r+&) f+(p+n—y)do (f)+n(e(f) —dr (/)T
an (e () = i () 1) + 5031 () = €471, (1)
= (p+n—pr)jc(f)= max 1—(+&)f+(p+n—yr)dy(f)

{0<d<jr}

G ) — de (D)~ (o + ) [, (1) + 20 (F)

The HJB when 0 =/ is

(p— 1) je (f) = ooE 1 (r+& f+(p—y)de(f) = (ne+&) fir (f) + %UZfQJ'Z (f).

= 1= 0+ 8+ (o= 1) 3e (F) = (e + ) 34 () + 303 ()
which implies that
(0= ) e (f) = 1= (0 +€) f = e +€) S35 () + 50* 123 ()

The short rate is

yo(d, f) =1+ nlgsj.p)

and

yf(dv f) =T

In state £, we have d = jy(f). In state L we have

1. If dr. = je(f), the flow benefit of issuing short-term debt is
(0 +n—7)je(f)
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2. If dp, = jr.(f), the flow benefit of issuing short-term debt is
(p—7)jr(f)
3. Hence, d = jy is optimal if

(o +n=7)je(f) = (p—r)ir(f)

We can conclude that

o If (p+n—7)ju(f) > (p—r)jir(f) the HIB equation is

(r—mpe)je(f) =1—=(r+& f— (me+8) fio(f) + %Uszjé' (f)
(pt+n—pL)ic(f)=1=(+& f+(p+n—r)jlf)

) 1 )
= (e +8) fir (f) + 507 L (f)
which can be reduced to

(0= pe) e (1) =1 = (r+€) f — (ue +6) F34 (F) + 50° 1% (£)
(p+n—pr)jn(f) =1=(+& f+(p+n—7)5f)

~(p + ) S5 + 507 P27 ()
o If (p+n—r)je(f) <(p—r)ju(f) the HIB equation is

(T—W)jz(f):1—(T+§)f—(Me+§)fjé(f)+%<72f2jél(f)
(ptn—pr)jr(f)=1=(+& f+(p—7)iclf)

~(ur+€) 135 () + 30 3L (F)

IA46



which can be reduced to

(r+m) = ) 3o (F) = 1= (- €0 f = (e + €) S5 () + 50> P23 ()
(r+m) = 1) 1S = 1= (0 +€) f = (o, +8) FI4.0) + 507272 ()

e In state ¢, the default boundary is fé’ , satisfying

Je(f¢) =0
Jilfi) = 0.
Since jr, (0) = mpfﬁ# and j; (0) = T_—lw, to let f; = 0 in the low state, it is necessary and

sufficient to have

(p+n—7)je(0) < (p—7)jr(0).

That is

1 1 p+mn— e
(p+n—1r) ————<(p—1) .
(r+mn) — e p+n—pL T —

From here, we get

n*+ (p—pr)n—(p—r) (pL — pe) <0.

This implies that

b —<p—m+¢<p—uL2>2+4<p—r><m—w>' e
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